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ABSTRACT. The elastic-plastic theory is discussed in this paper provided the plastic 

deformatio ns fulfil the conrution that the plastic defonuation may be introduced. It 
is, for example, in case the given material can be deformed from any state juto the 

state with vanishing stress by an elastic way. The theory of the infinitesimal elastic 

and elastic-plastic deformations are deri ved from the general theory. 
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1. INTRODUCTION 

At present the behaviour oí geomate1'ials is clesc1'ibed especíally by the elastic
plastic constitutive relations. The elastic-plastic theory for the infinitesimal defor
mations was establishecl in 19th century, but the theory of the finite elastic-plastic 
cleformations is not so far satisfactory, to the author's knowledge. It is assumecl in 
the theory of the infinitesimal deformations that the total strain tensor is the sum 
of the elastic and the pIastic parts and the rate of plastic strain tensor is given by 
the stress tensor. The attempt for the description of the clastic-plastic material for 
the :finite deformations by a such decomposition of the total strain tensor is in the 
paper [G1'een and Naghdi 1965]. But it is not quite evident from the experimental 
standpoint how to carry out this decomposition . 

A completely clifferent clescription of the eIastic-pIastic continuum is used in the 
paper [DeI Piero 1975]. It is not necessary to introduce the pIastic deformations in 
this description but in fact, any vector :field in thc space total strain-stress is given, 
which determines the time evolution of the material element. This clescription of 
the elastic-pla.stic material follows the clescription of the material element according 
to [Noll 1972] in which the mechanical process of a compatible pair con:figuration
process is considered as a constitutive relation. This theory is very remarkabIe from 
mathematical point of view but it says practically nothing about the constitutive 
reIations, i.e. about the above mentioned vector :fields. 

It looks like that the combination of these two theories, i.e. including the plastic 
deformations into the eIastic-plastic theory according to [DeI Piero 1975] could 
contribute for the next clevelopment of this theory at least in the case, when there 
are plastic displacements to the suitably defined plastic deformations. It means 
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that it Ís always possible to any plastic strain tensor to find the displacement in 

such a way that the plastic strain tensor is related to the plastic clisplacement from 
an initial state. If we den.ne the elastic cleformation as that of corresponcling to the 
displacement from the plastie state, we obtain, in fact , the usual elastie theory ou ly 
with a difference that the reference system is ehallged. It is a eertain interstage 
between the Lagrange's alld the Euler's descriptions of the eontinuum. 

But, in order to introduee the plastie eoordinates, the equations cl escribing the 
evolution of plastie strain have to fulfil speeial relations. 

We restrict our eonsiderations to the geomaterials only, but this theory may be 
generalized to any deformative processes where there is an external foree n.eld, whieh 
under eondition of no ehange of the plastie deformations cause s a vanishing of the 
stres s in the whole body. The eondition whieh we suppose for the tirne evolution of 
the plastie strain tensor is only the suffieient eondition for this property. Therefore, 
we will speak rather about the rnaterials whieh fulfil this condit.ion at any point 
and any time. 

2. BAsrc CONCEPTS 
A body E from the continuum mecha-nies point of view is a cornpact Coo-rnanifolcl 

in ]R3. We will describe it in the eoordinates 1 �O', O' = 1,2, 3. The motion of the 
body is described in this ease by functions Xi in such a way that the position of the 
point [,0' at the time t, i.e. xi, is given as 

We define the deformation gradient of the motion as follows 

Fi = 
8Xi 

. a 8f,0I 
and the velo city and the acceleration by 

and 

resp ecti vely. 

(2. 1 ) 

(2.2) 

(2 ')\ \. . u) 

(2.4) 

Further, the time indepenclent mass density go(O, the vector field af the external 
forces bi and the stress tensor SiOl are given. The motion equation has the form 

(2.5) 

and 

1 We will solely use the Cartesia.n coordinates in the whol� paper 
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(2.6) 

The constitutive relations for theSia have to be aclclecl to these equatiolls, i.e. 
we have to cletermine a clepenclance of the stress tensor sia on the motion Xi. These 
equations together with the initial conditions determine the motion of the body in 
the Lagrange's coordinates. 

It is well known the form of the equations (2.5) ancl (2.6) in the Euler's coorcli
nates which are connectecl to the reference system of the instantaneous state of the 
body, i.e. in the coordinates xi. Therefore we clo not cast them here. 

More cletails about the above introduced concepts and the reasons for theÍr 
intl'oduction may be n.nd in any book about the ratíonal contínuum mechanics, see 
e.g. [Truesdell 1984] or [Leigh 1968]. 

3. DEFINITION OF PLASTIC DEFORMATION 
In the theory of the elastic-plastic continuum is assumed that there is an elastic 

range in  which the plastic deformations are unchanging. In contrast with the usual 
elastic-plastic theory we will not clecompose the total strain tensor into the elasti c  
and the plastic parts, i n  which the total strain tensor is defined a s  the square of the 
displacement gradient. We rather decompose the total motion gradient F. Thus, 
we write 

(3.1) 
where P corresponds to the plastic and X to the elastic parts of the total defor
mation. This clecomposition is chosen for the reason that we obtain the equation 
(3.1) as the derivative of the reIation xi = '!j;i(lr(e, t), t). 

We suppose that the stress tensor sia is a function of the variables F and P. 
Thus 

(3.2) 

Further we suppose that there is the yíeld surface 

<p(F, P) = O (3.3) 

such that the rate of the plastic cleformatiollS vanishes for F and P which fuIfil the 
condition <p(F, P) < O. A change of the P can occur only if 

<p(F,P) = O and (3.4) 

Using the method from [DeI Pieto 1975] uncler the assumptioll that Che processes 
are the changes of the total cleformations ancl the compatible pairs are (F, P), i.e. 
the total deformations-plastic deformations, we obtain 

(3.5) 



8 O.NAVRÁTIL 

under the condition (3.4) and 

(3.6) 
for 

r.p(F,P)<O or (Vr.p)�O. 

On the yield surface t.p(F, P) = 0, at the same time, M� fulfils the condition 

(3.7) 

what follows from the time derivation of the function ťf!. 
What we require it is 

(3.8) 
for the initial plastic deformations and 

P�,{3 = P�,ex , (3.9) 

where P�,{3 denotes the derivative of the P� with respect to e. It is well known 

that these conditions guarantee the existence of a function 1ri(�) t) such that 

'lVe call 

the plastic coordinates. 
In fact, we have three systems of coordinates: 

(1) the coordinates e in the Lagrange's reference system; 
(2) the coordinates xi in the Euler's reference system and 
(3) the coordinates pi in the plastic reference system. 

The transformation relations are 

and 

where 

From the equation (3.5) and (3.9) it is eviclent that 

[(Vt.p) M�] ,{3 = [(Vr.p) Má] ,ex 

(3.10) 

(3. 11) 

(3.12) 

(3.13) 

(3.14) 
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has to hold for any Q' and {J. vVe may unclerstancl this equation either as a restriction 
to the possible rates of the total and plastic cleformations for gi ven lvl� or, how we 
will proceecl, as a further restriction to the constituti ve relations for M� if we 
assume that all the deformations agreeing with the relations (3.3) an (3.7) are 
possible. Some details about these equations can be found in Appendix. 

It is quite natural to describe the motion of the body by means of the plastic 
coordinates pi, since displacements from these coordinates are, in fad, the elastic 
displacements and the proposition that the stress for fixed plastic deformations (in 
elastic range) is a function of the gradient of the elastic displacements, has a good 
sense. In fad, it was the starting sense of the whole construction. In the rest of 
this paper we suppose that there exist such plastic coordinates and we transform 
the motion equations into these coordinates. 

4. MOTION EQUATIONS IN THE PLASTIC COORDINATES 
The motion equations in the Lagrange's coordinates are given by the rela

tions (2.5) and (2.6) together with the fact that {JO is tim.e independent. In this sec
tion we transform these equations to the plastic coordinates given by relation (3.10). 

First, we introduce the velo city of the plastic displacement by 

ar (4.1) 

and for simplicity we denote Y the inverse matrix to P ancl we consider it as the 
function of pand t. Thus 

8(1T"-1)p 
y: = 8 (p, t). pr 

The material derivative of any function f(p, t), i.e. f', is 

Now we define the mass density (2p by 

where 
P = det(P) . 

It lS easy to show that the mass clensity fulfils the continuity equation 

f:) k 
I vU 

{Jp + {Jp 8pk = O . 

If we introcluce the stress tensor by 

(4.2) 

(4.3) 

( 4.4) 

( 4.5) 

( 4.6) 

(4.7) 
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the motion equations (2.5) and (2.6) have the farm 

and 

./ . OSir (! Vt = (! bt + _p_ p P 8pr (4.8) 

(4.9) 

As we do not deal with the thermodynamics here, we do not transform the 
equations for the internal energy and others thermodynamic quantities to the plas
tic coordinates. But we shou1d recommend to the reader a1so to carry out these 
transformations. 

In the next we use in the constitutive re1ations instead of the variables F and 
P the plastic variables X and Y, which we consider as functions of the plastic 
coordinates pand time t. Thus we assume that 

Ers = Ers (X Y) P P ' ( 4.10) 

and the yield surface is 
<p(X, Y) = O .  (4.11) 

It is easy to show that 

( 4.12) 

holds in the plastic coordinates. The equation (3.5) for the rate of the gradient of 
the plastic displacement has the form 

where 

8ui . 
8pk = (V<p)mk , 

m� = M� yt(p, t) 

and finally, the condition (3.7) for j\1� is 

rya o<p X� OlP 1 r 1 
L r 8'ya + 1 8xk J ms = . 

s s 

( 4.13) 

(4.14) 

(4.15) 

For completeness, we cast here the derivatives of the functions �cx and ;z; i ) if we 
consider them a functions of the plastic coordinates pand time t. The following 
relations hold 

( 4.16) 

(4.17) 

( 4.18) 

( 4.19) 
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where (4.16) is the definition of Y, (4.17) says, that ex are the Lagrange's coor
dinates, (4.18) is the definition of X and (4.19) transforms the velocity into the 

plastic coordinates. 
It is eviclent from the equation (4.13) that 

( 4.20) 

holds for a.ny j a.ncl k. It is necessary to unclerstaud this equation as the equa
tion (3.14) from the previous sectiou. 

5. PRINCIPLE OF MATERIAL INDIFFERENCE AND OTHERS SYMMETRIES 

The principle of the material indifference [Leigh 1968] says that the constitutive 
relations are invariant with respect to arbitrary uniform rigid body m ot ion , i.e. 
with respect to transformations 

(5.1) 

where Q(t) is orthogonal, i.e. t he e qua tion 

holds. 
It follows from this principle that the functions <p, E�k and rnt are in va riant with 

respect to the transformation (5.1). Sin ce we have assumecl that these functions 
depend only on X a ncl Y, the equations 

E�k(X·, Y) = E�k(QX, Y) 

<p(X, Y) = <p(QX, Y) 

m1(X, Y) = m1(QX, Y) 

(5.2) 

(5.3) 

(5.4) 

hold, accorcling to this princ iple . It follows from the paper [Smith 1971] that these 
functions are dependent on the quantities Pand the elastic strain tensor 

(5.5) 

only. 
Under these assumptions we obtain 

(5.6) 

where 

(5.7) 
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The condition (4.15) gets the form 

Under the assumption that Y/Y ft.::cx m: #- O holds, we obtain 
s 

i [cx f)<p rj -l f)<p E' i llk = - Yr �ms -5)- rsmk' u1's uErs 

(5.8) 

(5.9) 

The constitutive relations become more simple, if we assume that the materia.l 
has additional symmetries. The most important in these symmetries is the isotropy, 
it means that it is possible to filld the Lagrange's coordinates in such a manner 
that the properties of the materials are unchallgecl with respect to their orthogonal 
trallsformatiolls , i.e. with respect to trallsformations 

where Q is orthogonal. In this case 

holcls alld thus 

<p(E, Y) = <p(E , QY) 
17;s (E, Y) = 17;s (E, QY) 

mt{E, Y) = mt(E, QY) . 

(5.10) 

(5.11) 

(5.12) 
(.5.13) 

(5.14) 

It fo11ows from these relations [Smith 1971] that these fUllctions are dependent only 
on E and B, where 

is the plastic strain tensor. 
We obtain from the equation (4.15) that 171, fulfils the conclition 

[ 8<p .. 8<p ] T 2 -;:) - Brt + 8E' Ert Tns = 1 oBst st 

(5.15) 

(5.16) 

and it fo11ows f1'om (4.13) that the equation for the rate of the plastie strain tensor 

has the form 
(5.17) 

Note that the strain tensors E and B satisfy the additional conditions, the 
compatibility equations, which guarantee that it is possible to w1'ite them in the 
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form (5.5), and (5.15). The restricting relations to ln fo11ows from these compati
bility equations and the equation (5.17). 

Further symmetry, which can be meaningful for the elastic-plastic material, is the 
symmetry respecting aU unitary transformations of the Lagrange's coordinates. In 
fact, this symmetry says that the plastic cleformations behave like the deformations 
of a fluid and thus <p, E;k ancl mt depencl only on the elastic strain tensor E and 
P = clet P. In such a case the equation (4.1 5) is 

(5.18) 

and the equation for the rate of the plastic vol ume cleforma.tion has the form 

y' = -Y(V<p)m�. (5.19) 

It is eviclent that it is possible to obtain the aclditional restrictions to the con
stitutive relations, if we assume further symmetries with respect to any group of 
transformations of the plastic coorclinates. But, since we do not consicler these 
restrictions as too interesting now we clo not present them here. 

6. INFINITESIMAL ELASTIC DEFORMATIONS 
In this section we cleal with the case of the infinitesimal elastic cleformations and 

all their clerivatives. The plastic cleformations are in this section arbitrary. This 
assumption may be expressed as 

where 17 « 1 is a positive constant. We obtain by clerivation of this equation 

and 

X,i ci [j Ji ci Ji k = uk + TJ� = uk + TJ k UPk 

(6.1 ) 

(6.2) 

(6.3) 

As we have assumecl that TJ is very small, it is a goocl approximation to restrict 
ourselves to the terms with a lower orc1er in "7. 

First, for the elastic strain tensor (5.5) we obtain 

ancl thus 
(6 .4) 

where 
(6.5) 
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holds up to the terms of the first order in 1]. 
For the stress tensor usíng the expansíon with respect to 77 up to the first order 

terms we get 
8Ers 

E;s = E;s (1, Y) + 21]�(I, Y)éik 
VEik 

Assuming the elastie strain tensor equals to identity, the stress tensor vanishes, it 
follows from the previous equation 

where we have denoted 

"rs Úp = 1]Crsik[ik , 

oErs 
Crsik(Y) = 2 8ik (1, Y) . 

It holds under the same approximation 
"rs = srs = Trs 
Úp • P , 

(6.6) 

(6.7) 

where T7's is the stress tensor in the EuIer's eoordinates. Therefore in this ease we 
need not distinguish the stress tensor in the pIastie and in the Euler's coordinates. 
Thus the motion equation is approximated by 

. . OEik 
zl _ bZ P [lpv - [lp + 8pk . (6.8) 

Now we consider the yield surfaee as the function of Eik and Y�, i.e. <p(€, Y) = O. 
By derivation we obtain the relation 

(6.9) 

'Ve eannot properly use the limit 17 --+ O in this equatioll, as we have assumed 
llothing about the plastie deformatiolls, hithe1'to. 1'herefo1'e , we eannot omit the 
first term with respeet to the seeond one in this equation. 

The equation (4.13) for the rate of the pIastie defo1'mations has the same form 
but we eOllsider HOW 111, a.s a. funct.ion érs ancl Y/I'. Finally, the eondition (4.15) is 

(Y/l' ""Oy<Pex + � !<p ) m: = 1, (6.10) v s 1] vErs 
where we omit the terms of the higher orcler in 77 again. 

It follows 
(6.11) 

from the equation (4.19). Substituting from this equation to the motion equa
tion (6.8), we obtain 

( il bi). + [fil! o ( r )]- O [lp u - 77 (Jp - Op
k cikrscrs -

and, it coulel be seemecl tha,t we can omit the seeond term \Vith respect to the first 

one. But since we have a,ssumecl nothing about the plastic cleformations, it is, like 
in the equation (6.9), inaclmissibIe, in general. 
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7. INFINITESIMAL ELASTIC-PLASTIC DEFORMATIO S 
In this section we deal with the case, which the classic elastic-plastic theory 

studies, i.e. the case, when it is possible to consicler both the elastic and the plastic 
deformatÍons ancl aU theír derívatives as infinitesimal. The �lastic clisplacements 
are given by the equation (6.1) again ancl similarly, the plastic clisplacements have 

the form 

(7.1) 

Since we use the plastic coorelinates aS the inelepenelent variables p it is suitable to 

write the inverse equation . Neglecting the terms of higher oreler in 77, we get 

(7.2) 

It follows from the equations (4.16)-(4.19), (6.1) anel (7.2) (up to the first oreler in 

7] again ) 

. . Bgi . . Yz ft ft t 
k = uk - ry- = uk - T}gk Bpk 

Thus it is obvious that b oth ui anel vi have the oreler one in 7]. 

(7.3) 

(7.4) 

(7.5) 

(7.6) 

It follows from the continuity equation (4.6) after omitting the terms of higher 
order in 77 

B(!p = O 
Bt 

anel thus in this approximation (!p is a function of the coorelinates p only. 

(7.7) 

The stress tensor E;s is now a function of Eik anel gt, anel hence the functions 

Crsik are functions on ly gt. If we restrict ourselves in the motion equatiol1 (6.8) to 

the terms of the lowest oreler in 7], we obtain 

(7.8) 

The yielel surface is given by the equation <p( €, g) = O and 

(7.9) 

holds , where we introduced the infinitesimal plastic strain tensor 

(7.10) 
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If we introduce the infinitesimal plastic rotation tensor as 

(7.11) 

and we denote 

(7.12) 

and 

(7.13) 

and the dot over the letters denotes the time derivative, we oLtain from the equa
tiou (4.13) 

and 
. D<P 

( ' {J' ) TKT Wik = � Ers + rs v V ik 
uErs 

Finally; the condition (4.15) has the form 

(7.14) 

(7.15) 

(7.16) 

So far we restrict ourselves in this section to the general equations for the elastic
plastic deformations. Now we shortly mention the restríctions which are valid when 
the material has a certain symmetry mentioned in the section 5. If we assume the 
isotropy, the functions <p, .Ep and 111, are dependent only on the tensors €. and j3. 
If we assume the symmetry with respect to the aH unitary transformatíons of the 
Lagrange's coordinates, these functions depend only on the €. and {Jl = Trj3, what 
is the infinitesimal plastic vol ume deformation. 

ApPENDlX 
VVe derive in the appendix some conditiollS which follow for the function �M� 

from the equation (3.14). As we see later, this function, which we consider as the 
function of the variables F� and P�, satisfies except of the condition (3.7) any 
clifferential equations. 

vVe consicler a point inside the body which is with its neighbourhood in the 
plastic range. Thus 

<p(F, P) = O and (V<p) > O (A.l) 
holds in this neighbourhoocl. Further, \Ve have 

(A.2) 

and 
u� = (V<p)A1�. (A.3) 
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We suppose that aU processes which satisfy the equations (A.1) and (A.2) are 

admissible in the neighbourhood of the above mentioned point. It means, it is 
not possible to obtain any other independent relation between F ancl P from the 

equation (3.14). 
For simplicity of notation we denote 

and 

We obtain 

Bef; = Z"'Vk = O 
Bt 

k K, 

(A.4) 

(A.5) 

(A.6) 

by the derivation the equation (A.2) with respect 

equation (A. 2) is equi valent to the time deri vati ve 

equation (A.6) wíth respect to C we obtain 

to t. It is evident that the 

of the (A.1). Deriving the 

Zl'{, Vk Z'" Vk O k,r '" + k K-r = . (A.7) 

The equation (3.14) is equivalent to 

(A.S) 

This equation has to hold for any admissible V: and Vl'r. But these functíons satisfy 

the equations (A.6) and (A.7) and therefore, they are not quite arbitrary. We use 

the methocl of the Lagrange's multipliers in order to consider them as independent 
and thus the terms standing before them to identify with zero. It foUows from the 

equations (A.7) and (A.8) 

(A.9) 

for arbitrary functions ,\�r of the variables F and P., Since V:r = Vrkl" it follows 

from the equation (A.9) 

Multiplying this equation by tpar ancl summing it over f3 and T we obtain 

il>. _ 1 [ (drZK- + ,\iK-zr ) + fl>. iP] Cak - 3' tapr /\p k /\p k , Ua Cpk . 

Substituting this relation into the foregoing equation, we get 
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Under the assumption that Zt are arbitrary 

is obtained and thus 

\ Úl ri AT = [P(JT P 

i", _ ri Z'" + 1 c'" ( iP rizp) C(Jk - (J k 3u(J Cpk - . p k 

holds. Substituting Zt from the (A.5) in to the (A.ll), we obtain 

where 

and 

It follows from the equation (A.12) 

rp SiT _ ri DcjJ Ti fP CTk ar - a DFk + kUa 
P 

and substituting S�Tr into this equation, we obtain 

i", ri Z'" + Ti c'" C(Jk = (J k kU(J . 

Since we have assumed that Zt are arbitrary, we may consider 

Z') Z"'ZK =f - = I. I. O .  " '" 

In this case, it follows from the relation (A.13) 

(A.IO) 

(A.ll) 

(A.12) 

(A.13) 

Remark. On the other hand , Z = O implies Zt = O for any k and K and we obtain 
the additional equation for F and P. As the conclition (A.6) is satisfiecl identically 
in this case, we must proceed in other way. 

ln this way we annul the terms with VfCkT in the equation (A.9). Thus, it remains 
to alll1Ul the first term. Substituting ať c�k from the equation (A.12) and .\piT 
from (A.l0), we obtain the relation 

(A.14) 
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Also in this equation vl are not independent, because the equation (A.6) holels. 
Using again the trick with the Lagrange's multipliers) we obtain 

("i ZK. I CK. Ti \ .  i ZK. - O tp17T 1. 17,T k T u17 k,T) - J-lp k - , 
where the corresponding Lagrange's multipliers are f1�. 

(A.15) 

N ow, we n.nally specify the outline derivation with respect 
this derivations, we obtain 

to C. Carrying out 

But the functions F:T and P::T are bouncl by the equations which we get by deriva
tion of the equations (A.1) and (A.2) with respect to C, i.e. 

and 
8� Fa 8� a O 

8Fa aT + 8pa PcrT = . 
cr cr 

Casting the Lagrange's multiplier f1� in the fonn 

we have 

[ ( 8r� ZK. ff K. 8T� ) icrT ZK. iK.T 8r..p iK.T 8� 1 pa O tp17T 8Pg k + (j 8Pg - 'Wpa k - Vpk 8Pg 
- (pk 8Pg 

crT = 

where V��T and (�'r are any other Lagrange's multipliers. Since FgT = FTa ancl 
P::T = P:cr hold) it follows from these equations 

(A.16) 

and 

(A.17) 
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Thus, M� have to satisfy, except of the relation (A. 2), the system of the partial 

differential equations (A.4), (A.5), (A.l4), (A.l6) an (A.l7) in order to the rela

tion (3.14) holds. Or, since (A.4), (A.5) and (A.14) are, in fact, the definitions, 
it is possible to substitute from these equations to the (A.l6) and (A.17) and in 
such a way to obtain the system of the partial differential equations for M�, which 
depends on the functions T, w, u::r, v a <;. But, there is a question, whether it is 

possible to choose these functions in such a way the resulting system of the par
tia.l differential equations has a solution. It should be of an interest to solve this 
problem for a given function <p at least in any more simple cases when we suppose 
any symmetry mentioned in the section 5 or for the infinitesimal elastic-plastic 
deformabons studied in the section 7. 

CONCLUSlON 

\Ve are fulIy aware of the fad that the theory presented in this paper has no 
experimental verifi.cation. The theoretical reasons, which led me to the creation of 
this theory, are: 

author's opinion tha.t the elastic-plastic material has the property that, if it 
is in the equilibrium it is always possible to find any external force field to 
deform this material into the state in which the stress vanishes, exclusively 
by the ela.stic way; 
from this a.ssumptiol1 following well-defi.ned decomposition of the total defor
mations to the elastic and pla.stic parts, 
easy definition of the elastic-plastic theory for the finite cleformations ancl 
with t.his connected the descriptioll of the material, in which the elastic de

formations are infinitesimal ancl the plastic ones are finite, e.g. plastic How. 

The consequence of this theory is the restriction of the constitutive relations to 
the rate of the plastic cleformations, which are clefined in the elastic-plastic theory 
of the infinitesimal deformations by an associative or a non-associative law of How. 

We think that the basic problem in the theory presented here it is the study of 
the system of the partial differential equations (A.lG) ancl (A.17) for a given yielcl 
surface <p(F, P) = O. 
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