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The assumption that the GPS-derived coordinate time series behave like the white noise leads to
the underestimation of the velocity uncertainties. The permanent stations velocities are required
nowadays with the stability at the level of 0.1 mm/year in case of using them to the kinematic
reference frame realization or numerous geodynamic interpretations. Therefore, it is required to
know which kind of noise models describes the time series of geodetic coordinates better. These
noises can be the effect of e.g. mismodelled satellite orbits or improperly mounted antennae. In
the following paper, three combinations of noise models were assumed: the white noise model
only, to show how the omitting of correlations in the stochastic part of the GPS time series
underestimates the velocity uncertainties; the combination of the white plus flicker plus random-
walk noise to estimate which of the power-law noises with the known spectral index prevails in
the GPS time series; and the combination of the white plus power-law noise to estimate which
coloured noise fits the stochastic part the best. We analyzed more than 40 stations (belonging to
the ASG-EUPOS and EPN networks) with 5 years of observations from the area of Sudeten. The
results show that the amplitudes of the white noise for the assumption of white noise only model
range from 0.6 to 2 mm for the horizontal (North and East) components and from 2 to § mm for
the vertical (Up) component, while the velocity uncertainties range from 0.01 to 0.13 mm/year
for the horizontal velocities and from 0.04 to 0.24 for the vertical one. For the combination of
the white, flicker and random-walk noise, the white noise is at the same level in the entire
analyzed area, while the flicker noise prevails over other kinds of noise for all components. For
the North and East its amplitude ranges from 2 to 5 mm*yr *?_ while for the U component it is
2-3 times larger. Here, the uncertainty of permanent stations velocity ranges from 0.1 mm/year
for the horizontal components to even 1.1 mm/year for the vertical one, which is over 10 times
larger than the assumed level of stability of permanent stations velocity. For the last
combination, the obtained spectral indices range from —1.6 to —0.4 for the horizontal components
and from —1.0 to —0.4 for the vertical component, which confirms the prevalence of fractional
white and Brownian motion quite close to flicker noise with amplitudes of power-law noise of 2-
5 mm*yr” and 4-12 mm*yr™*, respectively. For this combination, the errors of the estimated
velocities reach in the most extreme case even 0.8 mm/year for the Up component, which is
8 times greater than the required stability level.

INTRODUCTION

Many geophysical processes are well described by the

The reliable velocities of the permanent GNSS
stations are currently used for the interpretation and
geodynamic analyses as well as the kinematic
reference frames realization. For these applications,
they are required to be stable at the level of
0.1 mm/year (Gross et al., 2009). The velocities are
commonly determined by means of the least squares
(LS) method directly from the changes of the geodetic
coordinates recorded at the permanent GPS stations
by fitting a linear trend into the time series. Each of
the station coordinates time series includes a deter-
ministic part from which the seasonal components
may be well modelled by means of various methods,
e.g. the LS method, wavelet decomposition or the
Singular Spectrum Analysis (e.g. Broomhead and
King, 1986; Allen and Robertson, 1996). It also
includes a stochastic part which is considered as the
observational time-correlated or uncorrelated noise.

power-law noise for which the spectral index x
usually ranges from -3 to —1 (Agnew, 1992). Integer
values of the spectral index indicate characteristic
kinds of noises. Spectral index ,,x~=0" means that the
stochastic part of the time series maps the white noise,
k=1 means the flicker noise, while ,,x~=2” means
the random-walk noise. It is commonly recognized
that noises in the GPS observations result from the
mismodelling of satellite orbits, the Earth Orientation
Parameters, atmospheric effects or improper antennae
mounting. Noises in the GPS observations may be
described by means of various models, including: the
power-law, white, flicker or random-walk noise (e.g.
Johnson and Agnew, 1995; Williams et al., 2004;
Beavan, 2005; Hill et al., 2009; Bogusz and Kontny,
2011; Wang et al., 2012; Langbein, 2012), First Order
Gauss-Markov (FOGM) (e.g. Williams and Willis,
2006; Langbein, 2008; Ji and Herring, 2013),
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Fig.1 The ASG-EUPOS network and selected EPN stations. The box
indicates the Sudeten and adjacent areas from which the data

were used for analyses.

Generalized Gauss-Markov (GGM) or Band-Pass
(BP). In papers published so far, it is indicated that the
best model to describe the stochastic part of the GPS
time series is the power-law noise. Mao et al. (1999)
analyzed daily data of 23 permanent stations situated
worldwide using two noise models — the white with
flicker noise and the white with flicker and random-
walk noise. They found out that a combination of
white and flicker noise provides the best description
of noise characteristics for all three components N, E,
U of the station positions. However, they also proved
that the amplitudes of both white and flicker noise are
the smallest for the North component and the largest
for the Up one. Williams et al. (2004) analyzed
414 stations from GPS solutions and they found that
for stations worldwide noises are described in the best
way by a combination of white plus flicker noise with
an amplitude at the level of a few millimetres for the
horizontal components and even 20 mm*yr ** for
flicker noise for the vertical component. Kenyeres and
Bruyninx (2009) examined more than 190 EPN
permanent stations with the Maximum Likelihood
Estimation in CATS software. They focused on the
noise and harmonic analyses which showed the
presence of coloured noise (close to flicker one) and
moderate seasonal amplitudes in the EPN time series.
This paper is focused on the analysis of noise
characteristic for stations situated in the region of the
Sudeten with adjacent areas. Moreover, the influence
that the specific combinations of noises have on the

value of permanent stations velocity uncertainties was
also shown.

GPS DATA

The Centre of Applied Geomatics (CAG) that
operates at the Military University of Technology is
one of the 16 EPN (EUREF Permanent Network)
independent Local Analysis Centres (MUT LAC). It
processes data from more than 110 stations evenly
distributed throughout Europe. MUT LAC processes
also data from the ASG-EUPOS which is the Polish
active geodetic network (Bosy et al., 2007; 2008). The
GPS data processing is implemented in the Bernese
version 5.0 (Dach et al., 2007) with the consistent
assumptions and models appointed for the EPN
(Bruyninx et al., 2009). The datum and reference
solution were taken from the previous research on the
ASG-EUPOS-based reference frame maintenance
(Szafranek et al., 2013). The ITRF2008 (Altamimi et
al., 2011) coordinates were transformed into topo-
centric North, East and Up components and it covers
the period from 1465 to 1729 GPS weeks (5 years).
Data from more than 40 permanent GPS stations
located at the Sudeten and adjacent areas (Figure 1),
were taken for the research.

The outliers were removed by means of the
median absolute deviation criterion (MAD; Mosteller
and Tukey, 1977; Sachs, 1984). It has an advantage in
comparison with the commonly used algorithm of
three standard deviations (30) because it is robust to
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the outliers. The STARS algorithm (Sequential t-test Analysis of Regime Shifts; Rodionov, 2004; Rodionov and
Overland, 2005), which is a combination of the t-Student test and the standard deviation test, was used for the
automatic detection and removal of offsets from the time series. The removed offsets were checked manually, so
no blind-usage of the results was done. A great variety of automated methods was compared with the manual
removal by Gazeaux et al. (2013). They showed how the appropriate choice of the method of the offsets removal
influences any further determinations and analyses.

METHODS AND NOISE ANALYSIS

Let us consider the time series of the site coordinates as a sum of an initial value x, trend v, (interpreted as
the permanent GPS station velocity), 4, and Ag4 being the amplitudes of annual and semiannual terms, ¢, and @y
— the phase shifts of annual and semi-annual terms and a stochastic part &,(f):

x(t)=x0+vx~I+AA-sin(z—”-t+(/)Aj+ASA-sin{4—”~t+¢SA]+gx(Z) )
y y

If we implement the linear approximation of the time series, the above equation for x; and v, is solved by
means of the LS method:

y=[A’C;A] A'Ci'x @)

where:

A T . . . . . .
y= I:xo,vx,Afl,Af,Aé A,A;’A] , with A%, 49, A4¢,,A49, being the annual and semiannual periodic terms in-phase

(1) and out of phase (O), respectively,

. I ¢ sin(2-7r-t1) cos(Z-ﬂ-tl) sin(4-7r-t1) cos(4-7r-t1) .
X= I:x,1 youes x,V:I , A=|a , and Cy is the
1 ¢, sin(Z-;r-tN) cos(2-7z-tN) sin(4-7r-tN) cos(4-7z-tN)
covariance matrix of the observation x, N is the length of time series, the covariance matrix of y is determined
using:

C;, =[A"C/AT 3)

In this research, the character of the stochastic part of the GPS time series was determined by means of the
Maximum Likelihood Estimation (MLE) (Langbein and Johnson, 1997) using the CATS software (Williams,
2008). The MLE is the most often applied method for noises determination in the GPS observations (e.g.
Williams et al., 2004; Beavan, 2005; Teferle et al., 2008; Bos et al., 2008) because it is the most precise one
(Beran, 1994). It is defined by the following equation:

oo (a 1 AT el a
)= G (aae P @

where lik is the likelihood function, v is the time series residua matrix, C, is the covariance matrix of the

observations. This covariance matrix Cy has a direct influence on the uncertainties of the linear parameters
determined from the time series (taken directly into the solution of the assessment of the velocity or trend v, and
initial value x¢), and it may represent various kinds of noises occurring in time series. It may be the Gaussian
white noise or a time-correlated coloured noise. We assumed three kinds of noise models: the white noise (5), the
combination of white, flicker and random-walk noise (6) and the combination of white and power-law noise (7)
for which the covariance matrices are created by means of:

Cx=az-I %)
Cx=az'l+b12?L’JFL+bfzw'JRw (6)
C.=a’-1+b3 -J,, @

where « is the amplitude of white noise, I is unit matrix of the NxN dimension (N is the series length), b are the
coloured noise amplitudes: flicker, random-walk or power-law, while J denotes the covariance matrix for the
specific kinds of coloured noises. The above mentioned combinations of noises enabled to present the values of
the permanent GPS stations velocities and their uncertainties for various assumptions of the character of the
stochastic part of the time series.
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Fig.3 The histograms of the flicker noise amplitudes [mm*yr

The assumption of occurrence of only white
noise in the time series of the topocentric components
is too optimistic. It assumes that the stochastic part
does not include any information and it is not time-
correlated. With this assumption, the uncertainty of
permanent station velocity has the smallest value, due
to the fact that it is dependent only on the amplitude
of white noise a, number of observations N and the
total time span 7 (Zhang et al., 1997):

, 1247

r NT2 (8)

The amplitudes of the white noise for the
Sudeten-located stations range from 0.6 to 2 mm for
the horizontal and from 2 to 8 mm for the vertical
component, while the velocity uncertainties ranges
from 0.01 to 0.13 mm/year for the horizontal
velocities and from 0.04 to 0.24 mm/year for the
vertical one. It means that in the most extreme case
the velocity error for the stations located in the
Sudeten region exceeds the velocity stability limit
assumed by Gross et al. (2009) more than twice. The
assumption of only white noise leads to the
underestimation of the velocity uncertainties by the
factor of 2 up to even 11 (e.g. Johnson and Agnew,
1995; Zhang et al., 1997; Mao et al., 1999; Williams
et al., 2004; Kenyeres and Bruyninx, 2009).

The uncertainties of GPS-derived coordinates are
the result of the imperfect models related to the
satellites, the propagation media or the receiver units
(Bergstrand et al., 2007). These errors are described
very well by the power-law noise. The various cases
of it are: the white, flicker and random-walk noise for

0251 _ the North, East and Up components.

which the amplitude has to be determined. Mao et al.
(1999), Williams et al. (2004) and Calais (1999)
proved that combination of the white and flicker
noises describes in the best way the noise in the GPS
coordinates. Beavan (2005) showed the differences
between the characteristics of noises for the time
series of stations located on the concrete pillar
monuments and the deep drilled braced monuments. It
turned out that the instability of the antenna mounting
is a serious source of noises, described very well by
the random-walk process (e.g. Johnson and Agnew,
1995; Klos et al., 2014). Of course, it depends on the
length of the time series, sampling interval as well as
kinds and amplitudes of other noises whether it is
detected in the data or not. Having this in mind, the
authors examined the second combination of noises:
the white, flicker and random-walk noise (Figs. 2, 3).
Here, the covariance matrix of observations is created
following the equation (6). The white noise is at the
same level in the entire analyzed area, while the
flicker noise prevails over other kinds of noises for all
components. For the North and East components its
amplitude ranges from 2 to 5 mm*yr*, while for the
Up one it is 2-3 times larger. The flicker noise is
considered to be uniform for regional networks. Its
amplitude may be reduced by applying the spatial and
temporal filtration and removing the common mode
error (CME) (Nikolaidis, 2002; Dong et al., 2006) in
this way. Some of the stations show the random-walk
noise amplitudes of a few millimetres. It may be the
effect of their improper mounting. The undetected
random-walk amplitudes in other stations’ time series
should not be interpreted as the deficiency in its
existence. King and Williams (2009) showed that the
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Fig. 4 The histograms of the spectral indices x for the North, East and Up components for stations situated in

the Sudeten area.

random-walk noise amplitude is so small (not greater
that 0.5 mm*yr"’) that it may be covered by larger
amplitudes of the flicker and white noises. No spatial
dependencies were discovered here for the white,
flicker or random-walk noise amplitudes. It is possible
that the Sudeten area that is extend only for 4° in
latitude and 6° in longitude is too small for detecting
any spatial dependencies. For the discussed
combination of noises (the white plus flicker plus
random-walk), the permanent stations velocity
uncertainty ranges from 0.1 mm/year for the
horizontal components to even 1.1 mm/year for the
vertical one, which is 10 times greater than the
stability level of permanent stations velocity assumed
by Gross et al. (2009).

The third combination of noises: the white and
power-law (Figs. 4, 5) enabled to assess the optimal
model and its parameters to fit the stochastic part.
Williams et al. (2004) assumed the existence of the
white and power-law noise combination in the GPS
time series, trying to apply the MLE model which
would represent the character of the stochastic part of
the series. They obtained the results showing that this
noise is described by the flicker noise in the best way.
Santamaria-Gomez et al. (2011) determined noises for
275 permanent stations worldwide. They proved that
noises in GPS observations are described in the best
way by a combination of white and power-law noises
with the mean amplitudes of 2 and 6 mm. For this
assumption of noises, the uncertainties of the
determined  velocities increased 4-5 times in
comparison with the assumption of the uncorrelated
stochastic part. For the Sudeten area, the obtained

spectral indices range from —1.6 to —0.4 for the
horizontal components and from —1 to —0.4 for the
vertical one, what confirms the prevalence of
fractional white and Brownian motion quite close to
flicker noise (x=-—1) with the amplitudes of 2-

5mm*yr™  and  4-12 mm*yr™* in  the GPS
components, respectively. For this combination of
noises, the errors of the estimated velocities reach in
the most extreme case even 0.8 mm/year for the Up
component, which is 8 times larger than the assumed
stability level by Gross et al. (2009) for the velocities
of permanent stations used for further geodynamic
analyses or kinematic reference frame maintenance.

CONCLUDING REMARKS

We compared the uncertainties of velocities
assuming three combinations of noises (white noise;
white, flicker and random-walk noise; white and
power-law noise) (Fig. 6, Table 1).

The assumption that data are not correlated from
each other (the stochastic part represents only the
white noise) made the uncertainties of permanent
stations velocity to exceed the stability level assumed
by Gross et al. (2009) only in a few cases for the Up
component. The time-correlated noise was also
introduced to the computations (a combination of
white and power-law noises) what resulted in the
increase of the velocity uncertainties. In this case,
from the set of more than 40 stations with 5 years of
observations, only a few of them (20-30 % of stations
for horizontal and only 2 % for vertical component)
reach the value of the velocity uncertainty below
0.1 mm/year for the North and East components, and
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Table 1 The minimum, maximum and mean velocity uncertainties [mm/yr] of permanent GPS stations situated
in the Sudeten region for the North, East and Up components. WN stands for the white noise,
WN+FL+RW for the white, flicker and random-walk noise combination, WN+PL for the white and

power-law noise combination.

Noise combination WN WN+FL+RW WN+PL
Component North East Up North  East Up North East Up
Minimum 0.01 0.01 0.04 0.01 0.10 0.17 0.05 0.07 0.08
Maximum 0.08 0.13 0.24 0.60 1.18 1.20 0.40 1.10 0.83
Mean 0.02 0.02 0.17 0.22 0.25 0.51 0.15 0.17 0.33
just one station for the Up component. The largest  random-walk noise amplitude of the level of

uncertainties occurred for the combination of white,
flicker and random-walk noises. It means that
assuming the white noise causes the underestimation
of velocity uncertainty of permanent stations from the
region of the Sudeten by a factor of almost 10. From
the two time-correlated noise combinations — white
and power-law noise and white, flicker and random-
walk noise — the former with mean spectral index
estimated as closer to —0.8 than —1 resulted in smaller
uncertainty of the stations velocities. However, it is
worth considering whether assuming of only power-
law noise may simplify the potential causes of noise
occurrence too much and exclude random-walk noise
from further analyses only because the flicker noise
prevails in the data. Our analyses showed that the
discussed area of the Sudeten is not characterized by
significant amplitudes of random-walk noise
considered as the effect of improperly mounted GPS
antennae. The amplitudes of a few millimetres were
obtained for only some of the analyzed stations.
According to Beavan (2005), when considering the

0.3 mm*yr®®, we understand that the antennae change
their position by 0.3 mm during one year, and by
1.2mm in 16 years of observations. On the other
hand, to detect random-walk noise with the amplitude
of 0.4 mm*yr"’ in the data, the series should be at
least 30 years long (Williams et al., 2004). In our case,
for the 5 years period of data, the detection of random-
walk noise is not reliable enough and it should not be
interpreted as a poor stability of antennaec mounting.
As for the obtained velocity uncertainties, when
selecting a noise model for the analyzed data, we
should focus on the most reliable assessment of the
noise model, so that the permanent stations velocities
— used as the input data for further analyses — would
describe the reality in the most adequate way. The
values the velocity uncertainties may be under-
estimated by range in general from 2 to 11 times
depending on the assumed noise model (e.g. Johnson
and Agnew, 1995; Zhang et al., 1997; Mao et al.,
1999; Williams et al., 2004; Kenyeres and Bruyninx,
2009), while for the considered regional network of
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5years of observations the velocity uncertainties
underestimation ranges from 2 to 10 times. Basing on
the formula from Bos et al. (2008), to reach the goal
of 0.1 mm/yr for velocity uncertainty with the
maximum amplitude of flicker noise equal to
5 mm*yr* (as for Sudeten stations in this research),
the analysed data should have the length of at least
18 years. At the end of the research, the maximum
likelihood values were compared for WN,
WN+FL+RW and WN+PL noise models. It seems
that the white plus power-law noise has the greater
values of MLE for each of analyzed stations. It
indicates that the white plus power-law noise model
should be used for the modelling of the stochastic part
of GPS time series. The authors believe, that
subtracting of the common mode error from the ASG-
EUPOS stations in the nearest future will bring the
reduction in the flicker noise amplitudes providing the
shorter time span to meet the requirements of
0.1 mm/year by Polish permanent stations in the same
way.
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The noise amplitudes: white (marked with grey), flicker (marked with pink) and random-walk (marked
with brown) for the ASG-EUPOS stations and selected EPN stations in the area of the Sudeten. The
amplitudes are given in [mm*yr”*]. The scale for the Up component is 5 times smaller than for the North
and East ones.
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Fig. 6 The velocity uncertainties [mm/yr] of permanent GPS stations situated in the Sudeten region for the

North, East and Up components. The uncertainties for the white noise are presented in yellow (WN); the
uncertainties for the white, flicker and random-walk noise combination are presented in blue
(WN+FL+RW); uncertainties for the white and power-law noise combination are presented in red
(WN+PL).
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