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ABSTRACT 
 

 

GNSS vertical time series exhibit nonlinear and non-stationary characteristics, making it difficult 

for traditional time series forecasting methods to achieve high-precision predictions. To address 

this challenge, this study proposes a hybrid prediction model—CEEMDAN-VMD-LSTM—which 

integrates Complete Ensemble Empirical Mode Decomposition with Adaptive Noise 

(CEEMDAN), Variational Mode Decomposition (VMD), and Long Short-Term Memory (LSTM) 

networks. The model first applies the CEEMDAN algorithm to decompose the original GNSS time 

series into a set of Intrinsic Mode Functions (IMFs), and computes the Permutation Entropy (PE) 

and Sample Entropy (SE) of each IMF. A Composite Entropy (CE) is constructed by taking the 

equal-weighted average of PE and SE. Based on the composite entropy values, the K-Nearest 

Neighbors (KNN) algorithm is used to classify the IMFs into high-frequency and low-frequency 

components. These components are then linearly aggregated into high-frequency and low-

frequency sequences, respectively. The high-frequency sequence undergoes a second 

decomposition using the VMD algorithm, resulting in k IMFs and a residual sequence. The low-

frequency sequence (from the first decomposition), the IMFs, and the residual sequence (from the 

second decomposition) are separately modeled and predicted using the LSTM network. The final 

forecast is reconstructed by aggregating the predictions of the subcomponents. Experimental 

results on GNSS vertical time series from ten stations show that the proposed CEEMDAN-VMD-

LSTM model achieves Root Mean Square Error (RMSE) values ranging from 2.20 mm to 

3.69 mm, Mean Absolute Error (MAE) values between 1.75 mm and 2.95 mm, and coefficients of 

determination (R²) ranging from 0.80 to 0.89. Compared with baseline models including LSTM, 

VMD-LSTM, CEEMDAN-VMD-RNN, and CEEMDAN-VMD-GRU, the proposed model 

demonstrates varying degrees of improvement, validating its effectiveness for GNSS vertical time 

series prediction. 
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1. INTRODUCTION 

Over the past three decades, time series data 

recorded by more than 20,000 Global Navigation 

Satellite System (GNSS) reference stations worldwide 

have provided valuable foundational datasets for 

a wide range of Earth science studies (Jiang et al., 

2018; Deng et al., 2017; Jiang et al., 2010). These 

GNSS station coordinate time series effectively 

capture long-term trends and nonlinear variations 

induced by geophysical processes (Zhu et al., 2020). 

Analyzing GNSS coordinate time series facilitates 

research in areas such as crustal plate motion (Dang et 

al., 2022; Yang et al. 2022; Gan et al. 2022), noise 

modeling and velocity estimation (Huang et al. 2025), 

engineering deformation monitoring (Xi et al., 2018; 

Jiang, Chen et al., 2022; Shi, 2023), maintenance of 

global and regional reference frames (Lahtinen et al., 

2019; Sun et al., 2022; Jiang, Li et al., 2022), and 

inversion model construction (Bu et al., 2024; Yang, 

Yuan et al., 2024; He et al., 2023). Among the 

components of GNSS coordinate time series, the 

vertical component typically exhibits larger noise than 

the horizontal components, resulting in more complex 

variation characteristics and greater modeling 

difficulty. To characterize the complexity and 

nonlinearity of time series, researchers have 

introduced entropy-based measures from information 

theory, such as Permutation Entropy (PE) and Sample 

Entropy (SE). In the field of geodesy, these entropy 

metrics have been widely applied in studies such as 

GNSS coordinate time series noise analysis (Chen, 

Yang et al., 2023; Lu and Xie, 2021; Yang, Lu et al., 

2024), seismic analysis (Xu et al., 2024), and signal 

extraction (Tao et al., 2024; Zhang et al., 2025). 

However, their application in the context of time series 

modeling and prediction remains relatively limited. 

In recent years, with the rapid advancement of 

machine learning and deep learning techniques, 
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research on GNSS coordinate time series prediction 

based on artificial intelligence algorithms has received 

widespread attention. Researchers have employed 

various machine learning and deep learning models to 

conduct extensive studies on GNSS coordinate time 

series. For instance, (Gao et al., 2022) incorporated 

geophysical effects and utilized three models—

Gradient Boosting Decision Tree (GBDT), Support 

Vector Machine (SVM), and Long Short-Term 

Memory (LSTM)—to model and predict GNSS 

station coordinate time series. (Jiao et al., 2025) 

proposed a hybrid AVMD-sLSTM-Transformer 

model, validated using over ten years of data from 584 

GNSS stations worldwide. The method employs an 

improved adaptive variational mode decomposition 

(AVMD) and signal reconstruction to suppress noise. 

Results show that the model achieves sub-millimeter 

accuracy across all components, reducing prediction 

error by 65 % compared to sLSTM, improving by 

32 % over the standard Transformer, and exceeding 

SVM and ARIMA by more than 80 % in MAE. 

Additionally, the model maintains residuals within 

±1 mm for horizontal components, demonstrating 

excellent stability and adaptability. Li and Lu (2025) 

considered the spatial correlation between stations and 

applied the Adaptive Boosting (Adaboost) algorithm 

to model and predict GNSS stations in the Xinjiang 

region of China. Jiang et al. (2024) proposed a Deep 

Self-Attention Neural Network (DSANN) based on 

the Transformer framework for modeling and 

predicting GNSS coordinate time series in the same 

region. Wang et al. (2025) introduced an Enhancement 

Learning method based on Signal Source Driver 

(ELSSD), which integrates the strengths of both 

LSTM and DSANN while incorporating GNSS 

loading data as an auxiliary data source. Although 

machine learning and deep learning models based on 

artificial intelligence algorithms demonstrate strong 

learning capabilities in time series modeling, their 

performance can still be degraded when applied 

directly to raw time series data due to the presence of 

noise and complex trends. With the development of 

time series analysis, signal decomposition techniques 

have been widely applied to GNSS coordinate time 

series research to extract periodic components and 

primary trends (Li and Guo, 2024), while 

simultaneously suppressing noise. Common signal 

decomposition methods include Empirical Mode 

Decomposition (EMD), Ensemble Empirical Mode 

Decomposition (EEMD), Complete Ensemble 

Empirical Mode Decomposition with Adaptive Noise 

(CEEMDAN), and Variational Mode Decomposition 

(VMD). These methods are capable of decomposing 

complex time series into multiple Intrinsic Mode 

Functions (IMFs) or sub-signals at different scales, 

which contributes to enhanced predictive performance 

of subsequent models. Recent studies have already 

applied these methods in the field of surveying and 

mapping science (Lu et al., 2023; Lu et al., 2024; Zhou 

et al., 2025; Gong et al., 2024). 

 

In existing studies, the decomposition–

prediction–reconstruction strategy has been widely 

applied in nonlinear time series analysis (Chen, Lu, 

Huang, He and Sun, 2023). This strategy decomposes 

the original sequence into subcomponents with more 

homogeneous characteristics using signal 

decomposition methods. Each component is then 

predicted separately, and the final prediction is 

obtained by aggregating the forecasts of all 

components. This approach aims to enhance the 

prediction accuracy of complex signals. However, 

traditional decomposition methods such as Empirical 

Mode Decomposition (EMD) and Ensemble 

Empirical Mode Decomposition (EEMD) may suffer 

from mode mixing issues (Zhang et al., 2021). 

Moreover, these methods have not yet fully 

incorporated entropy analysis to quantify the 

complexity of each mode, which may result in 

inaccurate mode selection and classification, 

ultimately affecting the performance of subsequent 

prediction models. 

Based on this, this study proposes a two-stage 

signal decomposition method that combines 

CEEMDAN and VMD. Composite Entropy (CE) is 

computed, and the K-Nearest Neighbors (KNN) 

algorithm is employed to classify the sub-modes. 

Finally, the Long Short-Term Memory (LSTM) 

network is used to perform the prediction. 

 
2. PRINCIPLES AND METHODS 

2.1. COMPLETE ENSEMBLE EMPIRICAL MODE 

DECOMPOSITION WITH ADAPTIVE NOISE 

(CEEMDAN) 

Ensemble Empirical Mode Decomposition 

(EEMD) alleviates the mode mixing problem inherent 

in Empirical Mode Decomposition (EMD) by 

introducing auxiliary white noise. However, its 

decomposition accuracy depends on a high number of 

ensemble trials, which results in significant 

computational cost. To address this issue, Torres et al. 

proposed the Complete Ensemble Empirical Mode 

Decomposition with Adaptive Noise (CEEMDAN) 

algorithm in 2011 (Torres et al., 2011). CEEMDAN 

introduces adaptive white noise at each decomposition 

step and constructs a unique residual signal, thereby 

achieving lower reconstruction error with fewer 

ensemble trials. This method balances decomposition 

accuracy and computational efficiency. The specific 

decomposition procedure is as follows (Tang et al., 

2021): 

1. Construct the signal with added noise, which can 

be expressed by the following formula: 
 

𝑋𝑗(𝑡) = 𝑋(𝑡) + 𝜀0𝜔𝑗(𝑡) 

𝑗 = 1,2, . . . , 𝑀                                                      (1) 
 

In Equation, 𝑋𝑗(𝑡) denotes the i-th noise-added 

signal, 𝑋(𝑡) represents the original signal, 𝜀0is the 

amplitude control coefficient of the white noise, 𝜔𝑗(𝑡) 

stands for the j-th independent white noise sequence, j 

is the current noise index, M indicates the total number 
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of added noise ensembles, and t represents time or the 

sampling point. 

2. Calculate the first Intrinsic Mode Function (IMF), 

which is expressed by the following formula: 
 

𝐼𝑀𝐹1(𝑡) =
1

𝑁
∑ 𝐼𝑀𝐹1

(𝑗)𝑁
𝑗=1 (𝑡) (2) 

 

In the formula, 𝐼𝑀𝐹1(𝑡) denotes the resulting first IMF 

component, 𝐼𝑀𝐹1
(𝑗)

(𝑡) represents the first IMF extracted 

from the j-th noise-added signal, and N is the number of 

ensemble averages. 

3. Calculate the first-level residual, which is given 

by the following formula: 
  

(𝑡) = 𝑋(𝑡) − 𝐼𝑀𝐹1(𝑡) (3) 
 

In Equation, r1 represents the first-level residual, 

and 𝑟1(𝑡) denotes the remaining part of the original 

signal after removing the first IMF component. 

4. Add noise to the k-th level residual, which can be 

expressed by the following formula: 
 

𝑟𝑘−1
(𝑗)

(𝑡) = 𝑟𝑘−1(𝑡) + 𝜀𝑘−1𝐸1(𝜔𝑗(𝑡)) (4) 
 

In the equation, 𝑟𝑘−1
(𝑗)

(𝑡) denotes the residual 

after adding auxiliary noise in the j-th ensemble, 

𝑟𝑘−1(𝑡) represents the residual from the (k−1)-th 

level, 𝜀𝑘−1 is the amplitude control coefficient for the 

noise at this level, and 𝐸(𝜔𝑗(𝑡)) is the first IMF 

extracted from the j-th independent white noise using 

EMD. 

5. Calculate the k-th Intrinsic Mode Function (IMF), 

which is expressed by the following formula: 
 

𝐼𝑀𝐹𝑘(𝑡) =
1

𝑁
∑ 𝐸1

𝑁
𝑗=1 (𝑟𝑘−1

(𝑗)
(𝑡)) (5) 

 

In Equation, 𝑟𝑘−1
(𝑗)

(𝑡) represents the k-th IMF 

component, N denotes the averaging number, and 

𝐸1(𝑟𝑘−1
(𝑗)

(𝑡)) indicates the first IMF extracted by EMD 

from the noise-added residual. 

6. Update the residual, which is expressed by the 

following formula: 
 

𝑟𝑘(𝑡) = 𝑟𝑘−1(𝑡) − 𝐼𝑀𝐹𝑘(𝑡) (6) 
 

In Equation, 𝑟𝑘(𝑡) denotes the updated residual 

signal, 𝑟𝑘−1(𝑡) represents the residual from the 

previous level, and 𝐼𝑀𝐹𝑘(𝑡) is the IMF obtained at the 

current iteration. 

7. The final decomposition result of CEEMDAN is 

expressed as: 
 

𝑋(𝑡) = ∑ 𝐼𝑀𝐹𝑖
𝐾
𝑖=1 (𝑡) + 𝜍𝑘(𝑡) (7) 

 

In Equation, X(t) represents the original signal, 

which is decomposed into K Intrinsic Mode Functions 

(IMFs), and 𝜍𝑘(𝑡) denotes the final residual, typically 

corresponding to a monotonic trend component. 

 

 

 

2.2. VARIATIONAL MODE DECOMPOSITION (VMD) 

Variational Mode Decomposition (VMD) is 

a signal processing method based on the principle of 

variational inference. It decomposes a signal into a set 

of Intrinsic Mode Functions (IMFs) with different 

center frequencies through an optimization process, 

effectively extracting the local time-frequency 

characteristics of the signal. This enables efficient 

signal decomposition and analysis. VMD iteratively 

solves a variational model to decompose the original 

time series into different mode components. The 

specific decomposition process is as follows 

(Humphrey et al., 1996): 

1. Modulate the spectral components of each mode 

to their respective center frequencies and 

calculate the bandwidth. The squared L2 norm of 

the gradient for each mode is computed and 

demodulated using Gaussian smoothing: 
 

( )
k

2

{ },{ }
2

( ) *min k

k

j t

t k

k

j
d t t e

t



 

 


−
    

+    
    


           (8) 

S.𝒕. ∑ 𝝁𝒌 = 𝒇𝒌                                                             (9) 

In Equation, t represents time, 𝛿(𝑡) is the Dirac 

delta function, 𝑓 denotes the original signal, 𝜇𝑘 is the 

mode function, 𝜔𝑘 represents the actual center 

frequency of each mode, and 𝑒−𝑗𝜔𝑘𝑡 is the estimated 

center frequency of each analytic signal. In Equation 

(9), 𝑠. 𝑡. denotes the constraint term, ∑ 𝜇𝑘𝑘  represents 

the summation over all mode components. 

2. Based on this, a quadratic penalty factor 𝛼 and 

a Lagrange multiplier operator 𝜆𝑡 are introduced 

to transform the constrained problem into an 

unconstrained variational problem. The 

Lagrangian functional is expressed as: 
 

𝐿({𝜇𝑘}, {𝜔𝑘}, 𝜆) = 

𝛼 ∑ ‖∂𝑡 [(𝛿(𝑡) +
𝑗

𝜋𝑡
) ∗ 𝜇𝑘(𝑡)] 𝑒−𝑗𝜔𝐾𝑡‖

2

2

𝑘

+ ‖𝑓(𝑡) − ∑ 𝜇𝑘(𝑡)

𝑘

‖

2

2

 

+⟨𝜆(𝑡), 𝑓(𝑡) − ∑ 𝜇𝑘(𝑡)𝑘 ⟩          (10) 

In Equation, 𝛼 represents the quadratic penalty 

factor, 𝜆𝒕 denotes the Lagrange multiplier operator, 

and 𝜕𝑡 is the partial derivative with respect to time. 

The unconstrained variational problem is solved using 

the Alternating Direction Method of Multipliers 

(ADMM). By alternately iterating 𝜇𝐾
𝑛+1, 𝜔𝐾

𝑛+1, 𝜆𝑛+1, 

the saddle point of the augmented Lagrangian 

functional is obtained, which corresponds to the 

optimal solution of the constrained variational model 

in Equation (3). 

 
2.3. COMPOSITE ENTROPY CALCULATION 

Permutation Entropy (PE) and Sample Entropy 

(SE) are capable of reflecting the complexity of 

a signal. The detailed calculation procedure of 
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Permutation Entropy is as follows (Bandt and Pompe, 

2002): 

1. Given a time series {𝑥1, 𝑥2, … , 𝑥𝑁}, set the 

embedding dimension m and time delay 𝜏, and 

construct the embedding vectors as 

𝑋𝑖 = (𝑥𝑖 , 𝑥𝑖+𝜏, 𝑥𝑖+2𝜏, . . . , 𝑥𝑖+(𝑚−1)𝜏)  

𝑖 = 1,2, . . . , 𝑁 − (𝑚 − 1)𝜏                                       (11) 
 

2. For each vector 𝑋𝑖, map it to a permutation pattern 

and calculate the probability distribution 

{𝑝1, 𝑝2, . . . , 𝑝𝑘} of all possible permutation 

patterns, where k=m. The Permutation Entropy is 

then computed based on this probability 

distribution: 
  

𝑃𝐸 = − ∑ 𝑝𝑖
𝑘
𝑖=1 𝑙𝑜𝑔( 𝑝𝑖) (12) 

 

In the equation, PE represents the calculated 

Permutation Entropy value, k denotes the total number 

of possible permutation patterns, and 𝑝𝑖 is the 

probability of occurrence of the permutation pattern i. 

The detailed calculation procedure of Sample 

Entropy (SE) is as follows (Richman and Moorman, 

2000): 

1. Given a time series {𝑥1, 𝑥2, . . . , 𝑥𝑁}, set the 

embedding dimension m and tolerance r, then 

construct the embedding vectors as follows: 
 

𝑢(𝑖) = (𝑥𝑖 , 𝑥𝑖+1, . . . , 𝑥𝑖+𝑚−1) 
𝑖 = 1,2, . . . , 𝑁 − 𝑚 + 1                                          (13) 

 

2. Calculate the distances d between all vectors 𝑢(𝑖) 

and 𝑢(𝑗), which is expressed by the following 

formula: 
 

𝑑 = |𝑢(𝑖) − 𝑢(𝑗)|                                                       (14) 

3. If d is less than the tolerance r, the vectors are 

considered a match. Sample Entropy can then be 

calculated, which is expressed by the following 

formula: 
 

𝑆𝐸(𝑚, 𝑟, 𝑁) = − 𝑙𝑛(
𝐵𝑚+1

𝐵𝑚
) (15) 

 

In Equation, Bm represents the number of 

matching m-dimensional vector pairs whose distances 

are less than r, Bm+1 denotes the number of matching 

(m+1)-dimensional vector pairs with distances less 

than r, N is the total number of epochs in the station 

data, and r is the tolerance. 

The Composite Entropy (CE) is obtained by 

equally weighting and summing the Permutation 

Entropy (PE) and Sample Entropy (SE) of a single 

Intrinsic Mode Function (IMF), which is expressed by 

the following formula: 
 

𝐶𝐸 = 𝑎𝑃𝐸 + 𝑏𝑆𝐸 
𝑎 + 𝑏 = 1 
𝑎 = 𝑏 (16) 

2.4. LONG SHORT-TERM MEMORY NETWORK 

(LSTM) 

Long Short-Term Memory (LSTM) is an 

improved type of recurrent neural network proposed 

by Hochreiter and Schmidhuber (1997). Its unique 

memory cell architecture effectively addresses the 

long-term dependency problem inherent in traditional 

RNNs, while mitigating issues related to vanishing 

and exploding gradients. Compared to conventional 

neural networks, LSTM demonstrates significant 

advantages in handling long time series prediction 

tasks, which has led to its widespread application in 

the field of time series forecasting. The LSTM 

network architecture consists of an input layer, one or 

more hidden layers, and an output layer. Each hidden 

Fig. 1 LSTM structure diagram. 
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layer controls data storage and flow through three 

gates: the input gate, forget gate, and output gate. The 

structure is illustrated in Figure 1. 

As shown in Figure 1, the LSTM processes the 

input time series data and the previous hidden state 

output through three gates. The detailed process is 

described in reference (Chen, Lu, Huang, He, Yu et 

al., 2023): 

1. The LSTM uses the forget gate 𝑓𝑡 to determine 

whether to discard or retain the relevant 

information of 𝑋𝑡and 𝑌𝑡−1, with the activation 

state of the forget gate determined by the 

activation function𝜎. 
 

𝑓𝑡 = 𝜎(𝑊𝑓 ⋅ [𝑌𝑡−1, 𝑋𝑡] + 𝑏𝑓) (17) 
 

In the formula, 𝑊 and 𝑏 represent the weight 

matrix and bias, respectively. 𝑓𝑡 is a vector with values 

ranging from 0 to 1, indicating whether the 

information in the cell state 𝐶𝑡−1 should be retained. 

A value of 0 means the information is discarded, while 

a value of 1 means it is retained. 

2. The cell state is updated through the input gate, 

where 𝑋𝑡 and 𝑌𝑡−1 are passed to the activation 

function 𝜎 to determine the information to be 

updated. Then, 𝑋𝑡 and 𝑌𝑡−1 are passed to the tanh 

function to create a new candidate value vector 

𝐶′𝑡 (with values ranging from –1 to 1). Finally, 

the output of the tanh function is multiplied by the 

output value of 𝜎. 
 

𝑖𝑡 = 𝜎(𝑊𝑖 ⋅ [𝑌𝑡−1, 𝑋𝑡] + 𝑏𝑖) 
𝐶′𝑡 = 𝑡𝑎𝑛ℎ( 𝑊𝑐 ⋅ [𝑌𝑡−1, 𝑋𝑡] + 𝑏𝑐) (18) 

 

The cell state from the previous layer is element-

wise multiplied by the forget vector, and the result is 

then element-wise added to the output of the input gate 

to obtain the updated cell state. 
 

𝐶𝑡 = 𝑓𝑡 ∗ 𝐶𝑡−1 + 𝑖𝑡 ∗ 𝐶′𝑡 (19) 
 

In Equation, 𝑓𝑡 ∗ 𝐶𝑡−1 determines which 

information in 𝐶𝑡−1 should be forgotten, while  𝑖𝑡 ∗
𝐶′𝑡 determines which information in 𝐶′𝑡 should be 

added to the new memory cell state 𝐶𝑡. 

3. The output gate 𝑂𝑡 determines the value of the 

next hidden state 𝑌𝑡, which contains information 

from previous inputs. 

 

𝑂𝑡 = 𝜎(𝑊𝑂 ⋅ [𝑌𝑡−1, 𝑋𝑡] + 𝑏𝑂) 
𝑌𝑡 = 𝑂𝑡 ∗ 𝑡𝑎𝑛ℎ( 𝐶𝑡) (20) 

 

In Equation, 𝑊𝑜 represents the weight matrix of 

the output gate, and 𝑏𝑂 denotes the bias vector, both of 

which can be obtained through training. 

 

2.5. EVALUATION METRICS 

To verify the accuracy and reliability of the 

model’s predictions, this experiment uses Root Mean 

Square Error (RMSE) and Mean Absolute Error 

(MAE) as evaluation metrics. The calculation 

formulas are as follows: 

1. Root Mean Square Error (RMSE) 

 

𝑅𝑀𝑆𝐸 = √
1

𝑛
∑ (𝑦𝑖 − 𝑦̂𝑖)

2𝑛
𝑖=1  (21) 

 

2.  Mean Absolute Error (MAE) 

 

𝑀𝐴𝐸 =
1

𝑛
∑ |(𝑦𝑖 − 𝑦̂𝑖)|𝑛

𝑖=1  (22) 

 

3. Coefficient of Determination (R2)  

 

𝑅2 = 1 −
∑ (𝑦𝑖−𝑦̂𝑖)2𝑛

𝑖=1

∑ (𝑦𝑖−𝑦̄)2𝑛
𝑖=1

 (23) 

In Equations, 𝑦𝑖represents the actual coordinate 

values, 𝑦̂𝑖denotes the predicted values from each 

model, 𝑦̄ is the mean of the actual coordinate values, 

and n is the total number of relevant data points. For 

RMSE and MAE, smaller values indicate higher 

prediction accuracy. For R2, an absolute value closer 

to 1 indicates better fitting performance, while a value 

closer to 0 signifies weaker explanatory power of the 

model. 

 

3. DATA AND EXPERIMENTS 

In this study, 10 daily GNSS vertical time series 

from 2014 to 2023, with uncorrected offsets, were 

selected from the Scripps Orbit and Permanent Array 

Center (SOPAC, available at https://sopac-

csrc.ucsd.edu/index.php/sopac/) for experiments. 

Table 1 Site information table. 

 SITE Longitude / ° Latitude / ° Missing Rate / % 

AUCK 174.830 -36.603 1.6 % 

CRO1 295.416 17.757 3.6 % 

CORD 295.530 -31.528 2.1 % 

FFMJ 8.665 50.091 1.5 % 

HLFX 296.389 44.684 2.6 % 

PTBB 52.296 10.460 1.0 % 

TIDB 148.980 -35.399 1.8 % 

WROC 51.113 17.062 3.6 % 

WTZR 49.144 12.879 1.7 % 

ZIMM 46.877 7.465 0.3 % 

 

https://sopac-csrc.ucsd.edu/index.php/sopac/
https://sopac-csrc.ucsd.edu/index.php/sopac/
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Fig. 2 Flow chart of model construction. 

 

GNSS station data often contain a certain amount of 

outliers, as well as missing values caused by events 

such as earthquakes or equipment replacement. In this 

paper, the 3-sigma outlier detection method is first 

applied to identify and remove outliers. Since the 

missing data rate for all 10 stations is below 5%, 

indicating a relatively low level of missingness, linear 

interpolation is used to fill the missing values in order 

to preserve the original linear trend of the series as 

much as possible (Lu et al., 2024). The information on 

the test stations and their corresponding missing data 

rates is shown in Table 1. 

The experimental setup of this study is as 

follows: After preprocessing, the 3,652 daily solution 

epochs were divided into three subsets. The first 2,556 

data points were used as the training set to train the 

model parameters and learn the underlying data 

features. The subsequent 365 data points were used as 

the validation set for hyperparameter tuning and 

model performance evaluation. The remaining 731 

data points constituted the test set for assessing the 

overall predictive performance of the model. To 

ensure consistency in the modeling process, the 

training set, validation set, and test set were all 

decomposed using the CEEMDAN-VMD method 

before being input into the prediction model. 

To verify the prediction performance of the 

CEEMDAN-VMD-LSTM model, this study set up 

several comparative models, including LSTM, VMD-

LSTM, CEEMDAN-VMD-GRU, and CEEMDAN-

VMD-RNN. Prior to the experiments, parameter 

tuning was conducted for all models to ensure 

consistency of related parameters in the comparative 

process. The specific parameters include: a learning 

rate of 0.001, 50 training epochs, a sliding window 

size of 10, an input feature dimension of 1, an output 

feature dimension of 1, and a hidden layer size of 256. 

The sliding window size of 10 indicates that ten 

consecutive historical observations are used as input 

to predict the value at the next time step. Since the 

GNSS vertical time series in this study is a univariate 

sequence, the input feature dimension is set to 1, 

meaning that each time step contains only one feature 

value. The output feature dimension of 1 indicates that 

the model predicts a single value for the next epoch. 

The hidden layer size of 256 means that the LSTM 

network contains 256 neurons in the hidden layer, 

which enhances the model’s ability to capture 

complex nonlinear temporal dependencies in the time 

series. During the prediction stage, a step-by-step 

prediction strategy is adopted. Specifically, the trained 

model first uses the most recent ten observations as 

input to predict the next value, and the predicted value 

is then incorporated into the sequence to construct 

a new input window for subsequent predictions, 

thereby achieving continuous prediction of the time 

series. 
 

3.1. MODEL CONSTRUCTION 

The original time series data is first decomposed 

using CEEMDAN to obtain a set of Intrinsic Mode 

Functions (IMFs). For each IMF, both permutation 

entropy and sample entropy are calculated. These two 

entropy measures are then equally weighted and 

summed to obtain the composite entropy. Based on the 

composite entropy values, the IMFs are clustered into 

high-frequency and low-frequency groups using the 

K-Nearest Neighbors (KNN) algorithm. The high-

frequency and low-frequency IMFs are then linearly 

summed to form a high-frequency sequence and a low-

frequency sequence, respectively. The high-frequency 

sequence is further decomposed using the Variational 

Mode Decomposition (VMD) algorithm to extract 

finer-scale features. Subsequently, the decomposed 

sub-modes from VMD, the residual sequence, and the 

low-frequency sequence are all input into the LSTM 

network for prediction. This forms a second-level 

hybrid prediction model, referred to as CEEMDAN-
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VMD-LSTM. The overall modeling process is 

illustrated in Figure 2. 

The specific process of the prediction model 

proposed in this study is as follows: 

Step 1: The CEEMDAN algorithm is applied to 

the GNSS vertical time series for initial 

decomposition, resulting in several Intrinsic Mode 

Functions (IMFs). 

Step 2: The permutation entropy and sample 

entropy of each IMF are calculated, and their equally 

weighted sum is taken to obtain the composite entropy. 

Step 3: Use the K-Nearest Neighbors (K-NN) 

clustering algorithm to classify the IMFs into high-

frequency and low-frequency signals based on the 

composite entropy, then linearly superimpose the 

components of the high-frequency and low-frequency 

signals to obtain the reconstructed high-frequency and 

low-frequency sequences. 

Step 4: Apply the Variational Mode 

Decomposition (VMD) algorithm to further 

decompose the high-frequency signal. The 

decomposition parameter k is determined by 

calculating the Pearson correlation coefficient 

between the reconstructed data and the original data. 

Step 5: Input the Intrinsic Mode Functions 

(IMFs) and residual sequence obtained from VMD 

decomposition, along with the low-frequency 

sequence, separately into the LSTM model for 

prediction. 

Step 6: Linearly superimpose the prediction 

results of the low-frequency signals, the secondary 

decomposed sub-modes, and the residual sequences 

from each model to obtain the aggregated 

reconstruction. 

Step 7: Calculate the errors and perform accuracy 

evaluation. 

 
3.2. CEEMDAN DECOMPOSITION 

The experiment first applies the CEEMDAN 

algorithm to decompose the raw data. CEEMDAN 

adaptively decomposes the original data into several 

Intrinsic Mode Functions (IMFs) and a residual term 

representing the trend. The decomposition results are 

shown in Figure 3, taking the AUCK station as an 

example. As illustrated in Figure 3, IMF1 to IMF3 

exhibit rapid oscillations with small amplitudes and 

short periods, reflecting fast changes on a short time 

scale. IMF4 and IMF5 also display rapid oscillations 

but with lower frequencies than IMF1 to IMF3. IMF6 

to IMF9 show gentle trends or long-period 

fluctuations with larger amplitudes and longer periods, 

which may include signals caused by geophysical 

effects such as annual, semi-annual cycles or long-

term trends. The residual term (Res) represents 

a single monotonic trend component. 

 
3.3. ENTROPY CALCULATION AND SIGNAL 

CLASSIFICATION 

Entropy is commonly used to characterize the 

complexity and randomness of time series. In this 

study, the permutation entropy and sample entropy of 

each Intrinsic Mode Function (IMF) obtained from 

CEEMDAN decomposition were calculated. The 

permutation entropy and sample entropy were then 

equally weighted and summed to compute the 

Composite Entropy (CE), which serves as 

a comprehensive measure of the information 

complexity of each component. 

Since the Intrinsic Mode Functions (IMFs) 

obtained from CEEMDAN decomposition exhibit 

different spectral characteristics, to more clearly 

distinguish between high-frequency and low-

frequency signals, this study employs the K-Nearest 

Neighbors (KNN) algorithm to classify the IMFs. The 

KNN algorithm automatically partitions the IMFs into 

high-frequency and low-frequency signals based on 

their composite entropy values. Taking the AUCK 

station as an example, the calculated entropy values 

and classification results are shown in Table 2. 

Based on the KNN classification results, the 

classified low-frequency and high-frequency signals 

are linearly superimposed separately to obtain the 

reconstructed high-frequency and low-frequency time 

series. The reconstructed time series for the 

experimental stations based on high- and low-

frequency components are shown in Figure 4, with 

four representative stations illustrated as examples. In 

Figure 4, the light blue curves represent the high-

Fig. 3 CEEMDAN decomposition results of AUCK station elevation time series. 
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Table 2 Calculation results and signal classification of composite entropy of AUCK station. 

 
IMFs PE SE CE Classification Results 

IMF1 0.999769 0.683745 0.841757 High frequency signal 

IMF2 0.876864 0.682199 0.779532 High frequency signal 

IMF3 0.704240 0.680574 0.692407 High frequency signal 

IMF4 0.569012 0.684001 0.626507 High frequency signal 

IMF5 0.482052 0.675714 0.578883 High frequency signal 

IMF6 0.436815 0.679897 0.558356 Low frequency signal 

IMF7 0.409389 0.681329 0.545359 Low frequency signal 

IMF8 0.389023 0.656251 0.522637 Low frequency signal 

IMF9 0.234453 0.636877 0.480665 Low frequency signal 

 

Fig. 4 Superimposed high and low frequency signals. 

 

frequency time series reconstructed by superimposing 

the high-frequency signals, while the dark blue curves 

represent the low-frequency time series reconstructed 

by superimposing the low-frequency signals. From 

Figure 4, it can be observed that the superimposed 

high-frequency time series mainly exhibit short-period 

rapid fluctuations with small amplitude and frequent 

changes. In contrast, the superimposed low-frequency 

time series mainly display stable trend-like variations 

with larger amplitude fluctuations. 

 

 
3.4. VMD DECOMPOSITION OF DATA 

When using VMD for data decomposition, 

selecting the number of IMF components k is crucial. 

A too small k leads to under-decomposition of modes, 

while a too large k may cause mode mixing or 

introduce additional noise (Wu et al., 2024). Luo et al. 

(2020) consider correlation coefficients less than 0.1 

as criteria for removing false and noise components. 

In this study, the Pearson correlation coefficients 

between the linear superposition of the decomposed 

IMFs and the original sequence are calculated. 

A threshold of 0.9 is set to select reconstructed 

sequences with correlation coefficients above 0.9, 

thereby determining the optimal value of k. 

The original data from the experimental stations 

are decomposed using the VMD algorithm. The 

resulting Intrinsic Mode Functions (IMFs) and 

residual components are then input into the LSTM 

model to construct the VMD-LSTM model for 

comparative experiments. The VMD decomposition 

process for the high-frequency signals follows the 

same procedure as that for the original data. The 

selected values of k for the decompositions are listed 

in Table 3. 

 
3.5. VMD-LSTM FIRST-ORDER PREDICTION 

MODEL 

To validate the effectiveness of the proposed 

two-stage decomposition model, this study first 

introduces the first-order decomposition model VMD-
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Table 3 k value of VMD decomposed high frequency signal. 

 

Site 
VMD decomposition of high-frequency signals VMD decomposition of raw signal 

Pearson's correlation k  Pearson's correlation k  

AUCK 0.9097 8 0.9086 7 

CORD 0.9057 8 0.9171 7 

CRO1 0.9010 8 0.9040 6 

FFMJ 0.9200 8 0.9052 6 

HLFX 0.9143 8 0.9206 8 

PTBB 0.9113 7 0.9122 6 

TIDB 0.9062 8 0.9190 7 

WROC 0.9041 7 0.9193 6 

WTZR 0.9059 7 0.9183 6 

ZIMM 0.9020 7 0.9216 5 

 

Fig. 5 VMD decomposition results of original data. 

 
LSTM for comparative experiments. The VMD 

algorithm decomposed the original time series data 

from the PTBB station into six Intrinsic Mode 

Functions (IMFs) and one residual sequence. The 

decomposition and prediction results are shown in 

Figure 5. 

As shown in Figure 5, IMF1 to IMF6 represent 

signal components with different frequencies. Each 

IMF corresponds to a specific frequency range, 

capturing fluctuations at various time scales. The 

lower-frequency IMFs contain long-term trend 

variations in the signal, while the higher-frequency 

IMFs reflect short-term fluctuations and noise. IMF1 

is the lowest-frequency component, potentially 

representing long-term trends such as annual cycles. 

IMF2 also has a relatively low frequency and may 

correspond to semi-annual or seasonal variations 

caused by geophysical effects or climate changes. 

IMFs 3 to 7 exhibit higher fluctuation frequencies, 

reflecting short-term variations in the signal, possibly 

representing high-frequency noise and similar 

components. The residual component generally 

reflects more complex or irregular parts of the signal. 

In Figure 5, the dark blue curves represent the 

individual Intrinsic Mode Functions (IMFs) and 

the residual sequence, while the red curve shows the 

fitting results of the LSTM model. It can be observed 

that IMF1 to IMF6 have good fitting accuracy, 

maintaining similar fluctuations and trends as the 

original sequence with no significant differences. The 

fitting errors are mainly concentrated in the residual 

sequence, where the model performs poorly and errors 

are relatively large. This is likely because the residual 

sequence lacks obvious regularity and clear statistical 

features, making it difficult for the model to learn 

effectively. 
 

3.6. CEEMDAN-VMD-LSTM TWO-STAGE 

PREDICTION MODEL 

The linearly superimposed high-frequency signal 

of the AUCK station was further decomposed by 

VMD into 8 Intrinsic Mode Functions (IMFs) and 1 
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Fig. 6 Prediction results of CEEMDAN-VMD-LSTM model. 

 

residual component. These, along with the low-

frequency sequence, were input into the LSTM model 

to construct the CEEMDAN-VMD-LSTM two-stage 

hybrid prediction model. The decomposition and 

prediction results are shown in Figure 6. 

As shown in Figure 6, the decomposition resulted 

in 8 IMFs and 1 residual sequence, with each IMF 

representing a frequency band component of the 

signal. From IMF1 to IMF8, these intrinsic mode 

functions correspond to signal components within 

different frequency ranges. For example, the first IMF 

may contain lower-frequency fluctuations, while 

IMF8 likely contains high-frequency components, 

reflecting rapid oscillations or noise. The residual 

component generally represents more complex or 

irregular parts of the signal. 

In Figure 6, the blue curves represent the 

Intrinsic Mode Functions (IMFs) and residual 

sequence obtained from the VMD decomposition of 

the high-frequency signal, while the red curves show 

the LSTM model’s fitting results. It can be observed 

that the fitting of IMF1 through IMF8 closely matches 

the original sequence. The overall fitting of the low-

frequency signal is good, although there is a poorer fit 

between epochs 3100 and 3250. This may be because 

this segment corresponds to a peak region in the 

sequence, where the model struggles to accurately 

capture the fluctuation trend. However, the low-

frequency sequence fits well overall. The fitting errors 

are mainly concentrated in the residual sequence. 

 

 

3.7. PREDICTION RESULTS OF DIFFERENT 

MODELS 

To evaluate the prediction performance of the 

proposed CEEMDAN-VMD-LSTM hybrid model, 

comparative experiments were designed. The models 

compared include the single LSTM model, the first-

order decomposition combination model VMD-

LSTM, and two other second-order decomposition 

combination models, CEEMDAN-VMD-GRU and 

CEEMDAN-VMD-RNN. In this study, the Intrinsic 

Mode Functions (IMFs) and residuals obtained from 

the VMD decomposition of the original data were 

input into the LSTM model to construct the VMD-

LSTM model. Similarly, the second-stage 

decomposed IMFs, low-frequency sequences, and 

residual sequences were separately fed into the GRU 

and RNN models to build the CEEMDAN-VMD-

GRU and CEEMDAN-VMD-RNN two-stage 

combination models. The prediction results of the 

components from each model were linearly combined 

following a "decomposition–prediction–

reconstruction" procedure, yielding overall prediction 

values for LSTM, VMD-LSTM, CEEMDAN-VMD-

LSTM, CEEMDAN-VMD-GRU, and CEEMDAN-

VMD-RNN models. By comparing with the original 

sequence, the differences in prediction accuracy and 

fitting performance among these models were further 

analyzed. The prediction curves for LSTM, VMD-

LSTM, and CEEMDAN-VMD-LSTM models are 

shown in Figure 7(a), while the prediction curves for 

CEEMDAN-VMD-RNN, CEEMDAN-VMD-GRU, 

and CEEMDAN-VMD-LSTM models are shown in 

Figure 7(b). 
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Fig. 7 Summary of prediction results of different combination models. 

 

In Figure 7(a), the blue curve represents the 

original sequence, the red curve shows the prediction 

results of the single LSTM model, the green curve 

corresponds to the VMD-LSTM model predictions, 

and the magenta curve indicates the predictions from 

the CEEMDAN-VMD-LSTM model. It can be 

observed from Figure 7(a) that the single LSTM model 

exhibits relatively poor fitting performance across the 

four stations. In contrast, the fitting curves of the 

VMD-LSTM and CEEMDAN-VMD-LSTM models 

are much closer to the original sequences, 

demonstrating better fitting quality. Among them, the 

CEEMDAN-VMD-LSTM model best captures the 

fluctuations and trends of the original sequences, 

achieving the overall best fitting performance. 

Figure 7(b) shows the fitting results of the three 

second-order hybrid prediction models. In Figure 7(b), 

the cyan curve represents the prediction results of the 

CEEMDAN-VMD-GRU model, the orange curve 

represents the CEEMDAN-VMD-RNN model 

predictions, and the magenta curve corresponds to the 

CEEMDAN-VMD-LSTM model predictions. Among 

these, the CEEMDAN-VMD-GRU model exhibits 

noticeable deviations and unsatisfactory prediction 

performance. The CEEMDAN-VMD-RNN model’s 

fitting is closer to the original sequence, showing 

relatively good prediction results. The CEEMDAN-

VMD-LSTM model best maintains consistency with 

the fluctuations and trends of the original sequence, 

achieving the overall best fitting performance. 

Figure 8 and Table 4 present the statistical charts 

of the three evaluation metrics for the prediction 

results of each model across the 10 stations. 

As shown in Figure 8 and Table 4, the LSTM 

model’s prediction errors have RMSE values ranging 

from 4.28 mm to 7.92 mm, MAE values ranging from 

3.36 mm to 6.46 mm, and R² values between 0.06 and 

0.61, with relatively poor fitting performance at some 

stations due to low R² values. The VMD-LSTM model 

achieves RMSE values between 2.85 mm and 3.90 

mm, MAE values between 2.23 mm and 3.10 mm, and 

R² values from 0.72 to 0.84. The CEEMDAN-VMD-

GRU model’s RMSE ranges from 3.57 mm to 5.36 

mm, MAE from 2.53 mm to 3.77 mm, and R² between 

0.45 and 0.71. The CEEMDAN-VMD-RNN model 

records RMSE values between 2.91 mm and 4.23 mm, 

MAE between 2.31 mm and 3.26 mm, and R² values 

from 0.72 to 0.81. The CEEMDAN-VMD-LSTM 

model achieves the best performance with RMSE 

values ranging from 2.20 mm to 3.69 mm, MAE 

values from 1.75 mm to 2.95 mm, and R² values as 

high as 0.80 to 0.89. 

As shown in Table 4, the CEEMDAN-VMD-

LSTM model outperforms the other comparison 

models on three evaluation metrics—RMSE, MAE, 

and R²—across the 10 GNSS stations. Compared to 

the LSTM, VMD-LSTM, CEEMDAN-VMD-GRU, 

and CEEMDAN-VMD-RNN models, the RMSE 

values of the CEEMDAN-VMD-LSTM model 

decrease by 44.9 %-52.9 %, 3.4 %-28.8 %, 27.5 %-
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Fig. 8 Statistical chart of prediction results of different models. 

 

Table 4 Prediction results of different models at the test site. 

Site 
Evaluation 

/mm 
LSTM VMD-LSTM 

CEEMDAN-

VMD-GRU 

CEEMDAN-

VMD-RNN 

CEEMDAN-

VMD-LSTM 

AUCK 

RMSE 

MAE 

R2 

5.38 

4.37 

0.32 

3.06 

2.44 

0.78 

4.08 

2.93 

0.61 

3.21 

2.50 

0.76 

2.59 

2.05 

0.84 

CORD 

RMSE 

MAE 

R2 

7.92 

6.46 

0.06 

3.82 

3.01 

0.78 

5.09 

3.55 

0.61 

4.23 

3.26 

0.73 

3.69 

2.95 

0.80 

CRO1 

RMSE 

MAE 

R2 

6.34 

5.10 

0.25 

3.90 

3.10 

0.72 

5.36 

3.77 

0.46 

3.83 

3.00 

0.73 

3.10 

2.50 

0.82 

FFMJ 

RMSE 

MAE 

R2 

5.17 

4.09 

0.56 

3.27 

2.60 

0.82 

4.64 

3.30 

0.65 

3.38 

2.64 

0.81 

2.70 

2.16 

0.88 

HLFX 

RMSE 

MAE 

R2 

5.52 

4.35 

0.22 

2.99 

2.38 

0.77 

4.39 

3.15 

0.50 

3.27 

2.53 

0.73 

2.60 

2.07 

0.83 

PTBB 

RMSE 

MAE 

R2 

4.28 

3.36 

0.49 

2.90 

2.31 

0.77 

3.95 

2.83 

0.57 

2.94 

2.31 

0.76 

2.31 

1.86 

0.85 

TIDB 

RMSE 

MAE 

R2 

5.74 

4.49 

0.19 

3.34 

2.61 

0.73 

4.74 

3.32 

0.45 

3.41 

2.63 

0.72 

2.74 

2.16 

0.82 

WROC 

RMSE 

MAE 

R2 

4.97 

3.90 

0.54 

3.02 

2.42 

0.83 

4.11 

3.13 

0.69 

3.42 

2.68 

0.78 

2.72 

2.17 

0.86 

WTZR 

RMSE 

MAE 

R2 

4.48 

3.53 

0.61 

2.85 

2.23 

0.84 

3.90 

2.84 

0.71 

3.11 

2.40 

0.81 

2.47 

1.98 

0.88 

ZIMM 

RMSE 

MAE 

R2 

4.39 

3.52 

0.57 

3.09 

2.49 

0.79 

3.57 

2.53 

0.71 

2.91 

2.18 

0.81 

2.20 

1.75 

0.89 

 

42.2 %, and 12.8 %-24.4 %, respectively, indicating 

that the CEEMDAN-VMD-LSTM model achieves 

higher overall prediction accuracy and greater stability 

than these four comparison models. The MAE values 

of the CEEMDAN-VMD-LSTM model are reduced 

by 43.9 %-54.3 %, 2 %-29.7 %, 16.9 %-34.9 %, and 

9.5 %-19.7 % compared to the four models, 

respectively, demonstrating that it more effectively 

reduces prediction bias and offers higher prediction 

accuracy. Regarding R², the CEEMDAN-VMD-

LSTM model improves by 30.7 %-92.5 %, 2.5 %-

12.2 %, 19.0 %-45.1 %, and 8.0 %-12.2 % compared 

to the four models, respectively, indicating superior 

fitting performance relative to the other models. 

 
4. CONCLUSION 

This study employs CEEMDAN and VMD 

decomposition algorithms to perform secondary 
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decomposition of GNSS vertical time series data from 

10 stations based on composite entropy. The resulting 

intrinsic mode functions, low-frequency signals, and 

residual sequences are separately input into an LSTM 

network to construct the CEEMDAN-VMD-LSTM 

model. The following conclusions are drawn: 

1. The proposed CEEMDAN-VMD-LSTM second-

order decomposition hybrid model demonstrates 

excellent performance in vertical time series 

prediction. Experimental results from 10 GNSS 

stations show that the CEEMDAN-VMD-LSTM 

model outperforms both the single LSTM model 

and the first-order VMD-LSTM hybrid model in 

terms of RMSE, MAE, and R² metrics, validating 

the effectiveness of the second-order 

decomposition approach. 

2. Compared with other second-order hybrid 

models, CEEMDAN-VMD-GRU and 

CEEMDAN-VMD-RNN, the CEEMDAN-

VMD-LSTM model demonstrates significant 

advantages in stability, prediction accuracy, and 

fitting performance. This indicates that the 

combination of the LSTM model with the second-

order decomposition method is more effective in 

handling the nonlinear and non-stationary 

characteristics of GNSS vertical time series data. 

3. This study validates the feasibility and advantages 

of the "decomposition–prediction–

reconstruction" hybrid modeling framework for 

non-stationary time series. By combining signal 

decomposition methods with prediction models, 

predicting each decomposed sub-mode 

separately, and aggregating the prediction results, 

the forecasting performance can be effectively 

improved.  
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