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The study was concerned with verifying the possibility oť calcn
lating the liquidus diagrams of eutectic ternary silicate systems 
containing anions with complex structures. The phase diagram 
calculation is based on knowledge of phase diagra,ms of the basic 
binary systems. The phase diagrams of binary systems serve for 
calculating excess ťunctions defined as a difference between the 
actua.J and the ,idea]' ones. It is assumed that the excess functions 
in a ternary system can be estirn.ated in satisťactory approximation 
as a sum of contributions oť the basic binary system.s. The relations 
employed in the calculation oť phase cliagrams meet the general 
requirements holding for the courses oť liquidus curves and surťaces. 

INTRODUCTION 

Experimental study of phase equilibria in multicomponent systems is 
consiclerably time consuming. In addition to this one is mostly interested in 
a certain part of the multicomponent phase diagram only, for instance the 
eutectic point parameters. The present study is concerned with the possibility 
of approximate determination of the liquidus surface in simple eutectic systems 
comprising anions of complex structures. 

In previous papers [l], [2] the present authors suggested a method for calcu
lating the liquidus diagrams in three-component systems of molten salts 
and multicomponent cryolite-based systems. The principle of calculation 
was identical in all the studies. 

1. ,i\Tith due respect to the system being stucliecl a suitable reference state
is chosen in terms of which the excess functions are clefi.necl. Excess functions 
a.re clefinecl as a clifference between the value of the given function in the real
system a,ncl the value of the function following from the choice of the reference
state. The basic requirement which each reference state must meet are the
general rules for the courses of curves ancl liquidus areas (thermoclynamic
consistency ·criteria [3]). In the present case the concentration dependence of
the coeffi.cients should comply with the Gibbs-Duhem equation [4], [5].

2. The excess functions in binary systems are cletermined on the basis of
known phase diagrams. 

3. It is assumed that excess functions in a ternary system can be estimated
at satisfactory approximation as a sum of contributions of the individual 
binary systems. (This assumption can be substantiated on the basis of the 
conforming solutions theory [6].) 

In the previous studies mentioned above [l], [2] an ideal mixture as defined 
by Haase [7] was chosen as the reference state. This definition is suitable in 
particular in the case of ionic melts free from neutral molecules and ionic 
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complexes. The present study is concerned with verifying the suitability of
the formal approach to the calculation of liquidus diagrams in systems with
which no experimental data on melting enthalpy of pure components are
available and the liquid phase of which has a substantially cornplex structme
so that utilization of moclels suitable for simple ionic systems would not be
satisfactory. 

THEORETICAL 

The condition for an equilibrium of substance A in liquid and solid phase is
the equality of chemical potentials [LA of the substance in both phases. Transi
tion of substa.nce A from solid to liquid phase can be regarded as a reaction,

(1) 
In a state of equilibrium,

µ�,(s) = [LA,(z).
The temperature dependence of the equilibrium constant of reaction 

(K = az/as) is clescribed by the van't Hoff reaction isobar equation [8]: 
(1)

11 !!!:_ = 

b..H z/
s clTc 11 a8 RT2 ' 

(2)

which in this case is identical with the clifferential form of the Le Ohatelier
Shrecler equation [9], [10]. 
a1 is the activity of component A in liquid phase, a8 is the activity of component
A in solicl phase; when component A cloes not fonn solid solutions, a8 = 1 and
b..H11s is the standard change of enthalpy of reaction (1) at temperature T
(being iclentical with the melting enthalpy of component A at the given ternpe
rature). 

When assuming that the clifference in thermal capacities b..cp of component A
in solid ancl in liquid state is constant within the given temperature interval,
integration of equation (2) (integrating from the limit point of interval az = 1, 
T = T 1) yielcls the lmo-wn forin of the liquidus curve

ln az = 

b..Hi (--1:___ -_2__) + 
b..cp ( 

Ti -1 -ln!�) (3)
R T1 T R T T '

where b..H1 is the melting enthalpy of pure component A at temperature
Ti (as = I). 

When the condition of thermoclynamic consistency is to be met the following
shoulcl hold in the binary system in the bounclary concentration regions:

)'A--+ l, when xn --+0
ancl at the same time

dyA/dxn = O, when xn ->- O.
Let us therefore cletermine the slope of the tangent to the liquidus curve in

binary systems. The clifferential equation of the liquiclus curve of a binary
system can be written in the fonn [4] 

110

clT _ !_ 
(
afl.A

) (4)
dxn - L axn T,p' 
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where xe is the mol fraction of the other component in the system (xA +
+ xe = 1) and Lis the differential heat of fusion, that is the difference between 
partial molar enthalpy of component A in the melt and molar enthalpy of
pure solid component A; L = RA - H0

A , s (also called final heat of dissolution). 
When xe -+ O, then L -+ !:lH1. 

The slope of the tangent to the liquidus curve at the point of melting of pure
component A is defined as lim (xe ->- O): dT/dxe. Having clefi.ned the chemical
potential of component A as µA = µ� + RT ln aA ancl aA = XAYA, then from
equation (4) it follows that 

. 
I 

RTJ 
( 

d y A 
)" hm dT dxe = !:lH- -1 +-d- TXs-•0 f XB f,p 

ancl since dy A/dxe must be equal to zero for xe -+ O,

lim 
Xn-•O 

dT/dxe = -R'l1 7f !:lH1-

. (5) 

However, as each molecule of substance B introduces into the melt of pure
component A a number of particles which differs from 1 (so that the actual
molar fraction of new-foreign-particles being introduced is not equal to the
formal mole fraction calculated on the basis of weighed-in a.mount of subst
ance B), equation (5) will not be complied with. 

It holds generally that [11] 

lim dT/dxe = (-RT7llH1) 1c, (6)
Xn-•0 

where k is the number of new-foreing-particles introduced by each molecule of
substance B into the melt of substance A. 

The activity vs. concentration dependence should thérefore be defined by
such an expression that the following equation would hold: 

lim daA/dxA = 1c . (7)
XA -► l 

In the case of ionic melts this result is provided by the application of the
Temkin model [12] or by the procedure suggested by Haase [4, 11]. 

The  ca lculat ion  pr inciple

In the case of  system,s comprising anions of  complex structures the appli
cation of the idea! ionic melt model [l], [2] woulcl obviously be considerably
formal; at the same time, the ma.thematical expressions employed are com,pa
ratively complex. A formal approach, which is mathematically simpler and
Iikewise meets the requirements of thermodynamic consistency, has therefore
been suggestecl for the description of liquidus curves and areas of systems
containing anions with complex structures. 

Let us define the quantity 

(8)
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For the integral form. of the liquidus equation one can then write an equation
analogous to equation (3), 

ln x.t1.JA =-- -----.J.WA 
( 

1 l
)
' 

R T1,,1 T 
(9)

The temperature dependence of .J.lf A is not considered (even if it actually arises
in practice, it is included in the numerical value of correctíon factor f A), The
reference state is defined by equation (9) and by the condition JA = 1 holding
within the entiTe concentration range (and thus also the temperature range
since the relationship holds for the solidus-liquidus equilibrium only). 

L,et us define the s�1pplementary characteristic cpE so that 

( 8cpE 

)cpE -Xn --.-- = RTlnf A .8xn T,p 
(10)

This characteristic is thus a formal analogy of the excess Gibbs energy, with
which it is identical when f is the activity coefficient. Let us assume that the
concentration dependence of cpE can be expressed by the relation [l J: 

cpE = XAXBP.a -1-- J,,�(xn - XA)] . ( 11 )
The following relations can be obtained by combining equations (10) ancl (11):

RT lnf,1 = X]J[}.0 + J,,q(4xn -3)] ,
RT lnfn = x;1[}." +- ,\1(4xn - l)] . (12)

For given temperature the values JA, fn may be determined from two branches
of the liquidus curve of the binary phase diagram using equation (9). 

Then, it is possible to calculate the empirical constants Aa, J.
19

, which are
functions of temperature only (and generally also functions of pressure),
using equation (12). 

Calculation of the liquiclus areas of a ternary system A -B -O is based
on the assumption that the supplementary function cpE may be determined as
a sum of contributions of the supplementary functions of the binary systems:

cpE = cpEAB + cpEAC + cpEnc = 
= XAXBP.o:, AB +- Ap,As(XB - X,1)] + Xsxc[J."', BC + },/J, sc(:tc -xs)] +

+ X,1Xc[A"',AC + Ap,Ac(xc -XA)]. (13)

The correction factor f as a function of composition in the teniary system is
obtained by combining equations (10) and (13) (being located over the liquidus
area, temperature is likewise a function of composition). For a chosen tempe
rature T the equilibri.um value of concentration of components A, B, O was
then determined from equation (9). However, for this calculation it is first
necessary to define the value of quantity J.v.l A in the given section through the
ternary system (Fig. 1). Let us choose a fi.rst type section passing from pure
component A (dashed in the diagram). Throughout this section the ratio
of components xs/xc is constant. Quantity ll!JA can be estimated in first appro
xima,tion as a linear combination of values .J.lf AB and .J.lf AC, obtained from binary
phase diagrams A .-B and A -O. (The .J.lf A valu es in the corresponding binary
systems are therefore designated .J.WAB and .J.WAc respectively.) 

(14)
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Diopside 
CaMgSi2o6

1297 
wt.% 

Ca2Mgsi207
Akermanite 

li'ig. 2. Phase diagram oj the system diopsicle-akermanite-leucite, accorcling to [13]. 

114 

KA!Si2o6
Leucite 

Diopside 

CaMsSi20G

1297 

wl. % 

Ca2MgSi2o1
Akermanite 

Fig. 3. Oalculated phase diagram oj the systern cliopsicle-a,kermanite-leiicite. 
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nite the diopside side contains a region of solid solutiops up to about 5 wt.: %
of akermanite. The fusion points of pure components Wel'e.'taken from ·study; 
[13]. The ca.Iculations wete carried out on the· CDC 3 300 c"o'iriputer (Re�e�i'c4: 
Computer Center, Bratislava). A phase. dtag.ram of the ten�1,1,,:y system diop
side-akermanite-leucite · was determined experimentally, • by Gupta! [13] 
(Fig: 2). The calculated phase diagram is shown in Fig. 3\ As•indicated ·o)/the' 
graphic representation of the given systém the agréerrient ·)J,e�ween· the exp<t, 
rimental sections of the phase diagram and the calc:ulated ones is satisfactory.: 
In the determination of composition and tempe:ratpr{) of. the·,terna.ry eutectic
the agreement is very satisfactory: • • ; ' • 

experimentally determined 
values 39 % D, 29 % A, 32 % L, Te

= 

calculated values 35 % D, 29 % A, 36 % L, Te 

1 281 ± 4 °C 

1 280 °C. 

The calculation described implies that the suggested '-roi:�alism employed: 
in the calculation of phase diagrams. of ťerna.ry systems .co1tip1·ising ani6iis of 
complex structures provides a very satisfactory approximatičm for estimating 
the eutectic point parameters and those of the fields of primary crystallization. 
The procedure allows to recluce considerably the numbe,r.· .o:( necessary expe
rimental measurements in the study of thrée-coinpo,1�ent phase diagrams. 
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VÝPOČET FÁZOVÉHO DIAGRAMU TERNÁRNEJ SÚSTAVY 
DIOPSID-AKERMANIT-LEUCIT 

Pavel Fellner, Marta Chrenková-Paučíro'vá· . . .. 

Ústav anorganickej chémie SA V, Bratislava 

Zo znalosti fázových diagramov základných binárnych sústav sa počíta fázový 
diagram ternárnej sústavy. Výpočet je založený na predpoklade, že dodatkovú Gibbsovu 
energiu ternárnej sústavy je možné s dobrým priblížením určiť ako sumu príspevkov 
základných binárnych sústav, V práci sa rieši problém výpočtu fázových rovnováh 
v sústavách s komplikovanou štruktúrou aniónov a navrhuje sa formálny model, 
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vzhfadom .lm. ktorému sa počítajú dodatko�é veličiny (rozdiel medzi skutočnou hod
notou a hod11C?tou získanou na základe modelu). Vzťahy použité pre výpočet fázových 
diagramov. sph'íajú obecné. termodynamické zákony .platné. pre priebeh kriviek a ploch 
likvidus. 

Pri vlastnom výpočte· rovnovážnej teploty sa používa rovnica (9). Veličinu 11fA 

v každej binárnej sústave stanovíme s využitím vzťahov (6) a (8). Na. základe experi
mentálnych údajov určíme podfa rovnice (9) v binárnych sústavách pre každú teplotu 
a zloženie hodnotu .fA- Riešením sústavy rovníc (12) stanovíme konštanty Ac, , J.p,
ktoré sú len funkciou teploty. Dodatkovú veličinu rpB v ternárnej sústave získame pre 
každú teplotu a zloženie použitím rovµice (13). Korekčný faktorJA v ternárnej sústave 
získame využitím vzťahov (10) a (13). Veličinu MA v ternárnej sústave určíme použitím 
rovnice (14) (obr. 1). Získané údaje umožúujú potom z rovnice (9) vypočíta.ť teplotu 
primárnej kryštalizácie zložky A. Postup výpočtu sa overil pri určení ploch primárnej 
kryštalizácie sústavy diopsid-akermanit-leucit (obr. 2, 3). 

Obr. 1. Označenie zložiek ci vel-ič-ín 111 v ternárnej sústave. 
Obr. 2. Fázový diagram sú.stavy diopsicl-akermanit-leiicit poclla [13]. 
<Jbr. 3. VypoČ'Ítaný fázový diagram sústavy diopsid-akermanit-leucit. 

PACl.IET ©A30I30H ,[(HAl'PAMMbl TEPHAPHOH CJ/ICTEMbl 
JJ:HOI1CIU�-AHEPMAHHT-J1EH�HT 

flaec.n CJ)cJrmiep, MapTa Xpemrnea-flay•mpoea 

Hncmwnym neopaaH1l·•1ec1,01'i xu,,iuu CAH, Bpamuc.11,aea 

3Han <I>aaoe1,1e 1-11rn1·paMMr,1 ocnoern,rx 61mapm,1x c11cTeM, M0lRH0 pacc•111T1,rnaTr, 1f>aaoey10 
;:i;narpaMMY TCpnaprroii CHCTCMLI. Pac•JCT 0CH0BJ,rnaecTH Ha npe1-1noJ T0lKCHHli, 111'0 ,�06aeo•rny10 
:rnepťiIIO fH66ca Tepuapuoi:i CHCTCMLI M0lHH0 C xopornefr anpom:HM8�HCl1 onpe).ICJIIITI, l(aJ, 
cyMMy aueprui-í 0THCJILHbIX 61mapm,1x c11cTeM. 13 pa6oTe pernaeTcn rrpo6JTeMa pac•rnTa 1f>aao
Br,1x pamroeec11ii B CHCTCMax co CJTomuoii GTJJYHTypo11 aHJIOII0B H npenJJaraeTCfl 1f>opMaJJhHan 
!IW):ICJII,, !Hl 0CH0BaHHH J(OTOpofr pacc•111TL1BaJOTCH A06aeo•mue BCJlll'IHHLI (pa3HOCTJ, MCn<AY 
):leMCTBIITCJJl,HOll BCJIIPIHHOI'i li BCJlll'IIIHOÍI, JJOJ1y•1CHHOH Ha 0CH0BaHHll �IOACJill). OTHOU1CHHH, 
rrpnMCHHCMJ,JC A-'IH JJllC'JCTa cf>aaoBJ,IX J\IHll'JJaMM C00TBCTCTB)'JOT 06�11M TCJHIO}\IIHaMll'ICCIHIM 
aaH0HaM, /\Cl'ICTBYIOIL(HM ivrn X0l(a HJHIBLIX li JJOBCJJXHOC1'Cl1 JTHIWHAyC. 

)];JIH co6crnc1rnoro paC<!CTa paBHOBCCHOŮ TCMrrepaTypr,I IIJJHMCHHCTCH ypaBHCHHC (9). 
Beml'JHHY MA B Ham,wfr 6imapHOll CHCTCMC 0JJJ)CACJTHJOT, HCJJ0JJL8YH 0TH0llJCHHH (6) li (8). 
Ha 0CJI0BflHIIH :c>HcrrepnMCIITaJTbFll,IX )l;aHHLIX onpCJ];CJJHIOT corJTaCH0 ypaenemno (9) n 6u
HapHL[X CHCTCMax wrn 1{8)1(]10Ů TCMaepaTypu H C0CTaBa BCJlll'HIHY /A- PeIIIeHIICM CIICTCMbl 
ypaBHCHHÍ:Í ('12) orrpe).ICJIH!0T IWHCTaHTLT },c,, Af! , HBJTHIO�llecn T0JTLT{O qiyn1,a11efr TCMrrepa
TYJJLI. )];06ano•my10 BCJUl'Hlll)' ,p i': B TCpHapHOŮ CHCTCMC rroJTy•rnIOT AJJH 1mmn01ř TCMrrepaTypu 
H C0CTana rrpu JJ0M0UUI ypaBHCHIIH (13). UorrpaBO'Ilib!Ů TWacprfmaneHT /A B TCpHUJJHOll CHCTCMC 
orrpCACJIHJOT IIJJIIMCHCHIICM ypaerremrn ('14) (pne. 1). Ha 0CH0BaHHII II0JIY'!CHHhlX ).laHHb!X 
M0IBH0 H3 ypaBHCHHH (9) pacc•mTaTJ, TCMrrepaTypy rrepm1qHOll l{JJHCTaJTJJH3aJJJIII H0MJI0-
HCHTa A. Crroco6 pac•reTa rrpoeepnm1 11pn orrpCACJJCHHH rronepxHOCTCŮ rrepe11•rno[1 HJH1CTaJJ
JIH3aJJ11H CHCTCMbl /WOIICH[l-aI,C})M/\HIIT-JTCŮL\l!T (p11c. 2,3). 

Puc. 1.·O6oana:iemw 1.o.11inone1111wa u. oe.11,u1tun Jl,f e mepHap,wií. cucme,11e. 
Puc. 2. <I>aaoea11, ouaapa.11t.11ia cucme.,11,bi í)uoncuo-ai.ep,1iaHum-.11,et'í.!,fU1n coa.11,ac1-to [ 13]. 
Puc. 3. Pacc•mmanHan ifiaiJoea11, ouaapa.111 . .11ia cucme.Atbi 01wncuo-ai.ep.11iaHU1n-.11,eii1tum. 
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