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The previous paper {2} was concerned with determining the number of terms
in the equation modelling a polyreactive reactant on the basis of so-called equali-
zation in the dependence of the minimum sums of deviations squared on the num-
ber of terms tn the kinetic equation. The present study wus aimed at making the
method more objective.

The principle 18 based on transforming the given relationship to one between
the estimate of deviations and the number of terms, and on verifying the position
of its ‘equalization’ statistically by means of the F test. It was shown that the
kinetic equation with the number of terms established in this way can yield such
a dependence of conversion o on time t whichreproduces the experimental values
within the framework of experimental errors. The equation of the model of a poly-
reactive reactant has then the form

m

a= 3 afi0),

ji=1

where x; € (0, 1) ¢s the parameter,
fi(t) €<0,1> ¢s the growth function,
m s the effective number of terms in the equation.

INTRODUCTION

The course of a reaction of a solid reactant can be successfully described by
means of semiempirical relationships based on simplified considerations (models)
of the course of the reaction. A special position among these models is occupied
by the so-called general (multipurpose) kinetic models with a mathematical back-
ground of statistical and probabilistic approach.

The kinetic model of a polyreactive reactant [1], which also belongs to thisgroup
of models, is based on the concept of reactivity distribution in the reactant, so that
the reactant is regarded as a polyreactive one. On considering such a model on the
principle of a reactant comprising several phenomenological proportions with
different reactivities (homoreactive fractions), one may express the time dependen-
ce of the reactant conversion by the equation

m

=) %fi) 1)
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where « is the conversion of the reactant as a whole in terms of time ¢,
x; is the share of j-th phenomenological homoreactive (PH) fraction in the
reactant,
fi¢) is the concrete growth time function describing the conversion of
J-th PH fraction,
m is the number of PH fractions.

The number of terms in the equation and its parameters are determined subse-
quently from experimental ¢ — o data so as to make the calculated curve describe
acceptably the relationship being measured. An acceptable curve is understeod
to mean such a relationship from which the experimental points do not showde-
viations exceeding the maximum real measuring error, i.e. 3s where s is the stan-
dard deviation of the individual measurement (the so-called three-sigma rule
commonly used in interval estimates).

In contrast to the requirement of minimum sum of deviations squared which
ensures the closest approach of the fit to experimental points, the acceptability
criterion is thus oriented toward the reproducibility of the measuring data within
the framework of experimental errors. All curves confirming to the acceptability
criterion are regarded as being of equal validity in spite of their different sums of
deviations squared.

In view of the also known forms of functions fj(¢) ensuring that equation (1)
is capable of providing an acceptable description, it can be expected that the given
requirement will be met by an equation with various numbersof terms. At the same
time, the sum of deviations squared. will of course be the smaller the larger the
number of terms and thus also the number of parameters of equation (1).

From the standpoint of further utilization of the parameters, it is useful to de-
termine such a number of terms of equation which is necessary for acceptable
description of the experimental dependence o = f(¢). The minimum required
number of terms in equation (1) is called effective.

If the value of s is not known, the effective number of terms is determined from
the dependence of the minimum sums of deviations squared (MSDS) on the number
of terms m [2]. This relationship shows a monotonously decreasing course for
actual values of m, while exhibiting only indistinet changes beyond a certain num-
ber of terms (‘becoming equalized’). A comparison with the case when the value
of s was known showed that equation (1) with this number of terms gave the first
acceptable description of the experimental relationship. The number of terms from
which the MSDS = f(m) relationship begins to equalize, is then effective and the
optimum parameters of equation (1) with this number of terms are accepted as
parameters of the model.

The method of determinig the effective number of terms in equation (1) is based
on the fact that the ratio of mutually similar numbers is approximately equal to
unity. The task of the evaluator is then to compare the neighbouring values of
MSDS at a gradually increasing value of m. Effective is that number of terms for
which the ratio of two subsequent MSDS values attains, for the first time, a va-
lue close to unity.

Although the method is very rapid, it is not always quite unambiguous. It has
the disadvantage in that the condition of ‘equalization‘ of the MSDS values can
be influenced by a subjective approach of the evaluator.

The present study had the purpose to improve the objectivity in the determi-
nation of the effective number of terms in equation (1) for the cases when the
standard deviation of the individual measurements is unknown.
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SOLUTION AND DISCUSSION

The solution of the problem was sought in the transformation of the MSDS va-
lues into mutually comparable statistical quantities. Among these the dispersions
a2, of experimental points around the curves following from equation (1) having
the number of terms m are directly associated with the MSDS values. The relati-
onship ¢2, = g(m) can be expected to be of the same character as the relationship
MSDS = f(m), that is that over the range of ,equalizing* exhibited by one of the
relationships, the values of the other will likewise show no significant mutual dif-
ferences. The effective number of terms in equation (1) is then determined by
establishing such a number of terms m, beyond which the values of g2 are already
equalized.

Estimates of o2 of unknown dispersions g2 are given by the equation 3]

m
~ MSDS
02 = —=, (2)
" — Pm

where n is the number of experimental data pairs ¢ — «,
P 18 the number of parameters in equation (1) with m terms.

As indicated by the given equation, the retelationship 62 = g’(m) passes through
a minimum in the course of ,equalization‘ of the numerator when the denominator
decreases at the same time. This fact, which is in apparent disagreement with the
assumption on the course of the relationship 62 = g(m), is the.result of an exces-
sive number of parameters. The lower accuracy of the dispersion estimate is like-
wise indicative of an unsuitable use of equation (1) with such a number of terms.

Because the insignificant difference in the dispersion estimates is obviously si-
tuated in the region of the minimum shown by the relationship 62, = ¢'(m), one
can safely consider, with respect to the assumption made above, the value m at
the minimum to be either identical with, or very close to, the effective number
of terms in equation (1).

The significance of a difference between two dispersions is assessed by means of
the F test. The authors have therefore decided to utilize the F' test in the deter-
mination of the m value, beyond which the relationship MSDS =: f(m) or ¢ =
= g(m) becomes equalized.

The F test procedure is based (with respect to the problem in question) on the
so-called F distribution of a random variable

i, Tt (3)

where 67 and G7,, are estimates of dispersion ¢? and ¢?,; respectively.

The distribution of a random variable F¢.; is described by a function with
parameters ¥; and v;;; — degrees of freedom (see e.g. [3]); the function determines
the probability P at which the ratio F;;., can acquire a value smaller than the
given or chosen value of Fp(w, vi4).

The mutual relations between parameter »;, the number of experimental points
and the number p; of parameters in equation (1) having ¢ terms are given by the
equation [3]

Y= n—17p (4)
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If it holds for the equalization region of the relationship MSDS = f(m) that the
dispersions ¢2/02 ., will show insignificant differences (i.e. a? = ¢%,,), then also
the random variable

o2
Fi, i+1 = ;\"‘2?“ (5)
i+1
will exhibit approximate F' distribution with parameters v»; and »;4,.

In that case, using the F distribution function like in the F test,it is possible
to determine some reasonable interval (0, Fp(v;, vi+,))> for the 6%/G%, ratio, in
which the latter will fit with a very high probability P (if ¢? < %,,, it is obvi-
ously the interval {0, Fp(vi+1, %)>). In technical practice, the top limit of this
interval, also called the critical value, is chosen usually for a probability of
999, or 959%,.

If the value of the ratio /a2, does not fit into such an interval, that is when

a2
Fiiv1 = =3~ > Fp (v, vin) (6)
Oit1
holds with a risk smaller than 1 — P, the ratio 6i/G%,, can be regarded as not ex-
hibiting the F distribution and the values of dispersions ¢? and ¢?,, can be taken
to show a significant difference.

The conclusions derived were verified on a 24-point model set of ¢-a data from
a previous study [2] where the effective number of terms in equation (1) was
found to be equal to three and the standard deviations of the individual measu-
rements were known. The dependence of MSDS on the number of terms m and
the number of parameters p,, was as follows [2] (also refer to Fig. 1):

{ m 1 2 3 4
Pm 1 3 6 7
MSDS x 103 213.677 8.807 1.2563 0.626

The ratios of two subsequent MSDS, which should approach unity, were there-
fore 24.3, 7.0 and 2.4. It is thus obvious that the determination of an equal effecti-
ve number of terms (m = 3) on the basis of these values only, was not unam-
biguous.

The values of 62 supplemented by calculation for equation (1) having the
number of terms m are as follows (also refer to Fig. 1):

02 X 104 92.903 4.194 0.660 0.309
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and their mutual ratios (Fj +,) are as follows:
Fr2 = 221518 F,3= 63575 F,, = 2.1329

On selecting 0.99 and 0.95 as the respective values of P, the critical values obtain-
ed are [4]

Fo.09(23,21) = 2.8183  Fo 99(21,19) = 2.9810 Fo.00(19,17) = 3.1857
Fo.0s(23,21) = 2.0633  F, 05(21,19) = 2.1438  p_ (19,17) = 2.2429

The results given above indicate that the dispersions o2, ¢ and ¢3 show sig-
nificant mutual differences, while the conclusion cannot be accepted for the pair
02 and ¢} with an error risk smaller than be 19,. In this way, the ,equalizing’ of
the MSDS,, and ¢2 values beyond m = 3 can thus beregarded as being objective-
ly proved.

To elucidate the mutual relations between the effective number of terms in
equation (1) and the value of m for which the relationship 62 = ¢'(m) acquires
a minimum, the results of the previous study [2] were supplemented by a calculat-
ion using five terms in equation (1). For function fj(r) in the standard form

filt) = 1 —exp (— ), (7)

where 7y is the parameter expressing the reactivity of j-th homoreactive fraction,
the following results were obtained:

Optimum parameters

x5 0.046 ‘ 0.114 0.197 ‘ 0.290 0.354

r4/min—t 5.95 J 0.34 0.46 101 ‘ 1.03x10-2 0.49 X 10-2
1

the minimum sum of deviations squared, MSDS;s was 0.499 x 10-3, the dispersion
estimate 63 = 0.333 x 10-4.

Compared to the value of MSDS, (= 0.526 X 10-3), that of MSDS; remained vir-
tually unchanged (MSDS, : MSDS; = 1.05) and one can safely expect the values
of MSDS,, to change even less further on. At the same value of MSDS,, and a de-
creasing value of the denominator in equation (2) resulting from the increase in
the number of parameters p,,, the estimate G2 of the dispersion will therefore
keep rising. The value of the dispersion estimate at the number of terms m = 4
(close to the effective number) is thus the minimum one.

On considering the relationship o2 = g(m) ‘equalized’ from m = 3 upwards,
the values of the pair 02 and ¢ must also show an insignificant difference. For
P = 0.99 and P = 0.95 it holds that

Fs4 = 1.0753
Fo.05(15,17) = 2.3077 Fo.00(15,17) = 3.3117

from which it follows that the dispersions ¢3 and ¢2 can actually be regarded as
being approximately identical.
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In addition to this, not only the neighbouring but also any two arbitrary pairs
of dispersion should not exhibit any significant differences in the ,equalized‘ por-
tion of relationship 62, = g(m). The values available allow this assumption to be
verified on the pair of ¢3 and ¢2 for which it holds that

Fss = 1.9835
Fo.05(19,15) = 2.3398  Fy.09(19,15) — 3.3961

The values of o2 and g2 are thus also approximately identical.
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Fiy. 1. Minimum sums of deviations squared MSDS,, and estimates G2, of deviations of expe-
rimental points vs.the number m of terms in equation (1).

O — MSDSm, A — G2.

CONCLUSION

The objectivized method for determinig the effective number of terms in equat-
ion (1) can be summarized as follows:

At a gradually increasing number m of terms in equation (1), a suitable opti-
mizing procedure is used to determine the parameters of the equation. For each
value of m, the MSDS is calculated and using equation (2), the dispersion esti-
mate 62 for the experimental points around the curve given by equation (1) with
m terms is established. The ratio of the last subsequent values of dispersion estima-
tes is then compared with the tabulated critical value Fp (v, v;+,), where P is a va-
lue very close to unity and parameters »; and »;,, are calculated by means of
cquation (4).

If the condition (6) is met, the relationships MSDS,, = f(m) and @2, = g(m)
are regarded as being still unequalized. The calculation then proceeds to the mnext
values of m until the conditon (6) is not met for the first time.
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1n the case of opposite inequality (6), that is when there are not sufficient rea-
sons for rejecting the hypothesis on the insignificant difference bet ween dispersions
o? and ¢, the relationships MSDS = f(m) and/or ¢ = g(m) are regarded as
being ,equalized’, and the number of terms ¢, from which this equalization takes
place, as being effective.
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OBJEKTIVIZACIA URCENIA EFEKTIVNEHO POCTU CLENOV
ROVNICE KINETICKEHO MODELU POLYREAKTIVNEHO
REAKTANTA

Vladimir Kovar, Ivan Havalda

Chemickotechnologickd fakulta SVST, Radlinského 9, 812 37 Bratislava

Na popis zavislosti konverzie x od &asu ¢ pri odreagovavani tuhého rvaktanta sa Gspesne
pouziva aj kineticky model polyreaktivneho reaktanta, podla ktorého

Y
a= 2 aifst), (1)
j=1
kde z; € (0, 1 je parameter,
Jfi(t) € <0, 1> — konkrétna funkcia majaca vztah k reakeii,
m — neurdeny podet &lenov rovnice,

Poéet Elenov rovnice a jej parametre sa uréuju dodatodne z experimentalnych udajov. Rovnica
reprodukuje experiment tym lepsie, 8im mé viac &lenov. Podet &lenov, od ktorého sa reproduko-
vatefnost uz vyznammne nemeni sa oznaluje za efektivny. Tento polet sa urduje zo zavislosti
rozptylov o2, od po&tu &lenov m, pritom odhad G2 rozptylu je dany vztahom

Gl A,Mﬁl)ésﬁ, (2)

m " Pm ’
kde n je po&et experimentilnych dvojic udajov t - - a,
Pm — podet parametrov rovnice (1) s podtom &lenov m.

Metodika uréenia efektivneho po&tu &lenov rovnice (1) spoéiva v tom, ze pri postupne sa zvié-
Zujicom podte &lenov sa F-testom testuje vyznamnost odlignosti dvoch po sebe nasledujucich
rozptylov. V pripade, %e sa rozptyl vyznamne nelfai od predchadzajuceho rozptylu, povazuje sa
predchadzajuct poéet Elenov rovnice za efektivny.

Obr. L. Zdavislosl minimalnych sudtov Stuvorcov odehylok MSDS,,, resp. odhadov é:’,, rozptylov experi-
mentalnych bodov od poétu m Slenov rovnice (1) O - MSDSu, A — Gk
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OBDERTHBHIALN VCTATOBJAREHINSE DOOERTHBIOTO
ROJANYECTRN 4JAEHOR VPABHEHHA KHNTETHUECKOD MO EIN
HOJUPEARTHBHOIO PEARTAHTA

By KoBap, s Fasaaia

Sustuko-mernoaoewveckuic garyoonem Caosaygroeo HoWMCEIINE: K020 WICnmyn.a,
Pad.ooieroen 9, 812 37 Bpamucaaan

Sl OITHCAHIE 3aBICIIMOCTY RKOHBCPCHN & OT BPEMCHM ¢ PN TPOPeat HPOBAHIN TBEP.L010
PEARTAHTA € YCHCXOM HCHOJB3YeTCsl (e RHHCTHUCCKAH MO(C.1h BOMPeaRTHBHOIO pedk-
TAHTA, COIIACHO KOTOPOIl

W

a = 2 *fi(t), (M

i=1
rae ry€ (0, 1) — napamerp. f5(2) € 01> —- KOHKPeTHast (YHRIUL, OTHOCHDIAHCH K Peanili,
M —- HEYCTAHOB.ICHHOE RKOIYCCTBO LICHOB Y PaBHEHMS.

Ko/114ecTBO 4/IeHOB VPABHCHIA U €1'0 HA PAMCTPBI YCTAHABIBAKTC 51 L00ABOYHO, Hil 0CHO-
BAHUN DKRCMEPUMEHTAJILHLIX [(AHHBIX. Y PABHEHIIC BOCIIPON3BO(MT HKCHEPHMEHT TeM .Ivuufe,
teM GOIbINe IMCeT Y. IeHOB. h0:11uecTBO YJICHOB, ¢ KOTOPOI'0 BOCHIPON3BOIMMOCTS 3HAUNTEILHO
HE H3MCHAETCs1, HashiBACTe # e KTUBHBLIM. [laHHOe KO./THYUECTBO OHPE;[e.1HeTC s Ha 0 HOBAHIM
3aBHCIMOCTH paccestHnil, 62, OT KOJAHYCCTBA YWJICHOB mi, UPHUEM ONCHKA G2, PaccCHHIA JaHA
OTHOIHCHH M

File 7 -+~ KOTIYeCTBO 3KCIePIMCHTAIbHBX HAP JAHHBIX { -~ o, Py — KOJIYECTBO NMAPaMeTpnB
vpaBHeHus (1) ¢ KOIIYecTBOM WJICHOB Mi.

MeTo,(itka VeTaHoBiIeHHs1 3Q@CKTHBHOIO KOJHYECTBA YJICHOB VpaBHenns (1) 3ar1iodaercs
B TOM, 4TO HPH NOCTCIICHHO VBEJIMUHBAIOIUEMCS KOMMYCCTBE WICHOB ¢ NOMONILI0 F-tecta
VCTAHABIIMBACTCS BEJIMYHHA 3SHAYCHIS JIBYX IOCJIEYIOIMHX APYIT 34 APYIOM  paccestHHH.
BB ciayyae, 4TO paccesdHHe 3HAYHMTEILHO He OTJIHYACTCH OT HPEHLIVIIEI0 PaceestHust, cui-
TACTCH HPEUNCCTBYIONIEE KOIMUCCTBO '/1CHOB VPAaBHeHIIA 3(PQeRTiBHbIM.

Puc. 1. 3asucustocms MURUMA6HBLE Y K6&OPUMUK0s omEioreriwit MSD Sy, 1w oyeror
Gl pacceaMUl sECNEPUMEHINAILHBE MOYER OIN KOAUNECINGL M waeHog YpasHenus ({);
O -~ MSDSa, A — 62.
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