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Acearate representation of heat and nnss transfer in thennnconvectiv*e flows is rf great in't1lortance in several industrial

processes. In pctrticular, this stLtdv is trtotivatecl bt,the need to I'setter understand ntolten glass circulation in glass rnelting

furnaces.
The geometrt, of furnaces is rather sintple : the free surface of the nrclten glass is horizontal cnd the refractorv walls ctre

pclrallelepipeclic. Hovvever, the flow, patÍerns in this 8eon1e!r\, are actualll, 3D as the yvidth of the tank can be restricted at the

neck vyhile the heighr is mt,dified bt,a step. For these reasons, the solution in the plane of svmnrctr| can no longer be regarded

as representatn'e.
For this class of problents, the convectiy,e currelnts are ntoclerate anlplitucle, with a tvpical value ď Revnolds nunlber oí o(l),
w,hilethePécletnttntberc:ttnbeo.forderof300(gil.,enthe|clwconcluctil,,itl,oJ'nloltenglass).TherLunericclldifficult
assclciated yv'ith soly,ittg of energl, equaÍiott ratlter then thclt oJ,tnotnenlwn.

While a cletailed, stearh,-state so!utiotl ts ittlportanÍ, the tinte evoluÍion ofthe J|ovt,' s'Iructure is also tf great intereSt. Given tlte

intensity of the therntocotltection - the Crasshof nuntber is = 5000 - no Ltnstationary solutiott should be expectert. H{tw'eve r, a

st:llsiÍli,i/t'stttcJ\,isay,ariationoftheso!utit'lttunderl,ar\,ittg,operatiI18
shecls light on the stabilitl, and the relative intportctnce of both thennal ancl viscous effects.

Thentttnericctltoolc]ct,eloIlecltositt.tulatethisphvsicalsitttcttiottisanunstationnarspectralelementBous'sinesqsolver.
rliscreti--atioyr is realizad through the tlivision of the conqtutational donnin in a lintitetl (<50) number of spectral elenrents. On

each clement, the unknowns are interpolated bv a high-order Legendre polvnontial. Depending on the value of the Prandtl

nunilter of the .fluid, a greater nuntber of degrees of freedom can be associated to the thernrul probletn.

The goal of this presentation is to claim the efÍiciencl, of high order ntethods Jbr the numerical simulation of thernloconvection

in the glass tnelting tank.. Contltarisorts with finite-diffet'ence uncl .finite-elentent solutions dentonstrates a lovvat'number of
clegrees, oJ'freedont rteccssar\| to obtain specified Ievel of accLlrac\|. A global increase in conlpuÍing efficienc), alloyts 3D

sirnulutiltts likt tinte evolutiort of ntelting tank during chang,e of glass'

NUMERICAL SIMULATION MODELS
OF GLASS MELT THERMOCONVECTION

As pointed out in [a], the main problems with 3-D
numerical furnace models are not only their need of
computational resources - CPU and memory - but also

the relative unreliability of input data (conductivity) and

the limited possibilities of verification associated with
diffioult rcpresentation of complex solutions.

Efficient high-order methods produce accurate

numerical representations within the computational

environment oť modern computer work Station. In this

environment, various graphic capacities can handle the

results and allow easier interpretation o1' flow patterns.

The problem of unreliable data can be solved by

expensive "parameter studies" where successive
simulations can be compared, identified with reduced sca-

le models or even with industrial measurements. Another

interesting way of using the powerful (but still
approximate) numerical tool is in combination with
oontrol/identi-fication procedures. In this combined study,

exchanges between unsteady numerical simulations and

control/iden-tiflcation models can be useful to gain a

global undcrstanding of the melt convection and to

estimate quality-re lated parameters such as the

temperature profile or the residence time distribution Il].

SPECTRAL METHODS

The fundamental principle of spectral methods [2] is

the decomposition of the unknown fields in a linear
combination oť a set of basic Íuncticln
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a*(x) \r,, (x)

where a,u is the approximation of the Nth order, the set

{a'} is the so-called "speotrum" of this solution with
respect to spectral basis ty,,.

While, Íbr low order nrethods. the basic f.unctions

are usually defined such that the {a,,) set is actually the

set of the values of the function ,rN at given points
(nodes); íbr spectral methods this simp|e relationship
does not hold. To evaluate, fiom the spectrum, the values
of the Í-unction at given Spatial coordinates, an explicit
evaluation oť the fundamental decomposition is to be

used. The computational cost of such an evaluation has
been drastically rcduced in the case of the Fourier
spectral method. For this well-known particular choice of
basic f'unctions

V,'(x)=cosnn(x-u)lL, (2)

where L _ b - a is tlre length oť the interval |a,bl on
which tl" is deťined; the relationship between the

spectrum and the value oť the ilN approximation at the N
equally spaced collocation points

x,.,= a + n(b-a)l(N+l) (3)

has been optimized and requires only O(Mog /V)

operations rather then O(N2) operations needed by the
direct calculation. This evaluation algorithm has been
called fbr this reason the Fast Fourier Transfbrmation
(FFT) and historically justifies the interest of spectral
methods tbr scientific computational methods.

There is a strong dependence of the set of basic
functions V" on the set of collocation points where the
l'unction can be directly evaluated. While Fourier basis
functions are associated with equally spaced points,
Chebyshev f'unotion produce a set of points with notable
refinements near the boundaries. This particularity can be
advantageous when greater gradient variations (like
boundary layers) are expected at the extremities of the
conrputational domain. A third choice, the Legendre fun-
ctions, present other interesting properties explained Iater.

Within this general fiamework, spectral methods are
resolved with the fbllowing algorithm : i) the set of
partial differential equations is rewritten fbr the spectrum
of the unknown fields; li) the resulting "spectrum system"
is solved; and finally iii) the value oť the ilN

approximation is evaluated at the collocation points. The
industrial applicability of spectral methods is severely
restricted by three limitations:

the computational domain must be "simple", i.e.
topologically equivalent to a parallelepipedic box.
Several domain decomposition methods have been
proposed for the for the extension of spectral

methods to multidomain calculations, but they suffbr
fiom difficulties arising Íiom continuity boundary
conditions at the interfaces between subdomains.
the coefTicient of the original spatial equations must
be constant to allow direct transformation of the

equations from the spatial to the spectral space. The
conductivity and viscosity must therefore be
constant on the whole computational domain.
great numerical difficulties appear when solving the

spectral set of equations. For this reason diff'erent
preconditioning strategies have been investigated,
leading to linear systems with better numerical
conditioning.

Despite this restrictions. spectral methods has shown
impressive resolution capacities fbr diÍfbrent situations
such as atmospheric turbulence, crystal growth
thermoconvection. and molten tin current Íbr float slass
production.

The most important feature associated with spectral
methods is their convergence rate, defined as the error
deorease associated with an increase in the number of
degrces of fieedom (d.o.f.). Low order methods typically
present linear or quadratic convergence rates i.e.

multiplying the number of d.o.f. by a f'actor of 2 divides
the resulting error by 2 or 4. On the other hand, spectral
methods achieve exponential convergence rates, i.e. the

error decreases like e.N, where N is the order oť the

approximation. Consequently, the computational effbrt
required to attain a given level of accuracy is usually
much smaller Íbr the spectral methods, subject to the
restriction that the physical situation admits the
limitations of a constant-coefficient mono-domain
problem.

Another useÍul property of spectral methods is the

a priori error indication provided by the spectral
decomposition. The last terms in the spectrum {a.} must
be small and decreasing to ensure that the spectral
approximation embodies all the meaningfull physical
inÍbrmation.

To conclude this extremely rapid overview of
spectral methods, it must be mentioned that the
usefulness of this class of numerical tools has been
increased by the pseudospectral algorithm. This algorithm
avoids evaluations of the spectrum and manipulates only
values of the function at the collocation points. Pseudo-
spectral methods allow Legendre and Chebyschev functi-
ons to be used even through they do not have a imme-
diate Í.ast transform (such as the FFT in the Fourier case)'

SPECTRAL ELEMENT METHOD

The spectral element method combines the
exponential convergence of spectral methods with the
geometrical Ílexibility of finite elements [5]. To achieve

N
-E a,.

lt=0
(l)
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this resu|t. the variational Íbrm of thc problem is solved
rathcr then its spectral transfbrm. If the diftbrential
system is

L(u) =.7' (4)

thcn. classically, the variational (or wcak l'onn) is obtai-
ncd by' intcgration oÍ' the SyStem with rnultiplication by

a 'givcn wei.eht Í.uncti<ltt. The selectcd weight function is
hcrc thc hasis I'unction Vn, leacling to the Galerkin
Ítlrnlulation

/ 1l,1rr") -.R V, = /(L(,p,,,,"V,,(;r) -l) V,, = 0 (5)

Thc ctlnscc]uenccs o1.this nunrerical artiÍ.acts is

to allow the decomposition o1' thc clomain in
subdornains wherc a spcctruil cliscretization is
pcríilrlrle d. Natura| ctlntinuity clf the solutirln
through interl'accs is obtained by the decomposition
tlÍ. thc inte-ural tin cach separatcrl spcctraI clenlent
(through thc so callerJ "clirect stilTness summation"),
t() cXprcSS 1lux boundary conditirln resultin-e Íiom
thc classical intcgration by parts.

VariatitlnaI ftlrm is also one oÍ.thc principIcs cll.tlrc
l'initc clenrent rrrethods (FEM), but whilc FEM gcncrally
cclnsidcr a .crcirt nunrbcr ilÍ'srnalI subc]orrlains (elcnlents)
wherc low ordcr intcrpolants approxintatc thc unknown
liclclst spcctral clcnrcnt nrcthods (SEM) usc high ordcr
s1lcctra| hasis Í'unetitltl ()n a Ittoderatc nuntbers oÍ.

subclotnains I l.-fhc l.unctitln ty'. uscd Íilr this spcctral
crctizati<ltr is tlrc sct rlÍ.Legcndre Í.unctitlns.
charactcristic is thcir ortho-uonality

+li v,. v, = 6,...
-t

clernents dis-
Thcir useÍ.ul

w'hcrc 6 is tlrc Kroncckcr syntbol. lcading to a dia-uonal
llli.iSS llllItl.i r ancl al lrlw,ing gcrlttlctrical clc Í.orrnatirln oÍ. thc
rtrcsh throush thc classical Jacobian transfirrnrati<tn.
Cornhinccl rvith this cl'ioicc ol' basic l'unction, spcctral
clrrnrcnt nrcthods sclcct thc pscudospcctral algorithnt.

DiÍ'Í.cr.cnccs bc.trvccn SE,M and h-ty1lc FEM Iics in
thc irrtcr.ptllatitln tlrclct. (íilr a Í.urnacc silrlulaticln, tlrders
likc I -5 arc usual ) ancl thc usc ol' tertsori.sutrort .

.I.cnstlrtsittitln is thc kcy Íilr practical c|.Í-icicncy rlf'
slrcctral nrcthods. Supposc we want to knor.l thc valuc of
.l-I) basis Í.unctirln at.givctl ltlciititln ('r, '\',:). In:steac] <lf

nuivc calculation

\y', r r. (.r. r'. - )

\\'c Llsc thc tcnsor lilrnt to obtain

V, r r. 
(.r. .r. :) = ,(.r) 

* V, (l') x ry*(:) (8)

and reduce the cost of such estimation fiom O(M) to
O(Nn) operations. This reduction is the main reason fbr
the use of iterative solvers combined with spectral
element nrethods. Those solvers, requiring limited
memory' do not suffcr fiom the ''Íull'' matrix structure of
the spectral operators which couple a great number of
unknowns. Logically, the resolution strategy of non-linear
problems will therelbre be a time dependent
discretization even if the desired solution is a steady
state.

GLASS THERMOCONVECTION

According to the particularities oť thc numerical
simulation of glass thermoconvection, specific numerical
tcchniqucs have been used in conjunction with spectral
clcmcnt nrethods. These te chniques consider the
rJiÍ'Í'erences btlth in time and Space' be tween thc
tenrperaturc, vclocity, and prcssure l'ields.

From thc spatial point <ll'vicw, it is well known that
while steep temperature _tradients arc encountcred ncar
the bounclarics, the velocity distribution usually does not
proclucc a boundary laycr. Thc ratio between thermal and
vclocity boundary liiyers is mcasured by thc Prandtl
numbcr lor which a typic:al glass melt valuc is in the
rangc clÍ. 200 to 300' Ftlr this reason' dif f ercnt
intcrpolation clc-urces have becn selectcd lor temperature
and vcltlcity Í'ields. Frlr f.inite cIcments [8]' quadratrc
tcnrpcraturc ancl lincar vekrcity interpolati<.lns proclucc
accuratc rcsults at krw CPU cost. In this spcctral clement
rncthod, we selcct a more adaptative distributi<tn of thc
nuttlber oÍ.d.tl.|'. In ge neral, the temperature fieId requires
lnodc cl.o.Í'. and a typical distribution is l5 tcmpcrature
for l0 vclocity unknowns. However. in thc width
clircctirln tlf the Í.urnaccs [7] where modcrate va|ucs (= 5)
arc choscn, cquivalent distribution is sclcctc<J lkrr

tenrpcraturc and velocity.
Thc prcssure l'icld acts, in this inoompressible flow

problem. as a Lagran-sian multiplier to ensure vanishtng
vclocity divcrgencc. Thc va|uc ol' the prcssure ltsclť is
not rca||y pcrtincnt and nlorcover it does not diÍfbr much
Íl.tlnr the hi'<ll.;.';.tic srllution

p-pr-pgll , (9)

whcrc /l is the depth and p,, thc atmosphcric prcssurc.
Thcrclirrc, scveral mcthocls can bc used [3] to cnsurc
incornpre ssibility without cxplicitly calculating thc
supcrÍiuouS pressure Í.ields.

Sirnilar difl'erences bctween velocity, temperature,
ancl prcssurc arc rcalizcd fbr the timc disoretization. As
quaritiÍ.icd in |8], tlrc Prandt| number also is a nreasurc oÍ.

the ratio between velocity ancl tenrperature timc constants
T,.' llnd T,.','.n. Sclecting the ío|lowing apprtlximations,
which can bc vcrificd by numcrical experimcnts,

(6)

(1)
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Tucr - L2/u and T,.,,,p -- L2/K , ( t0)

where u is the kinematic viscosity, K the thermal
diflusivity and L typical length, the ratio T,.n,n/T,,.r recluces
simply to thc Prandtl number u/r . The velocity time step
is thereÍbre smaller than that fbr the temperature, a good
compromise being about l0 velocity tirne steps fbr each
temperaturc. The pressure problem is only resolved when
the velocity divergence becomes greater than a givcrr
tolerance value.

With all these numerical techniques. a required
accuracy lcvel can bc reaohed within acccptable CPU
costs. Consequently, diťf.erent unsteady sirnulations can
bc realized' including changes oť the clperating conditions
and nrixin-e, On thc othcr hand, a highly accurate solution
- obtained with vtlluntary ''eXceSS,'<lť cl'o.f' - ls a

powcrl.ul too| Íilr numcrical quality dcpcndent studies like
tracking or rcsidence time evaluations []. The global
approaclr clÍ.tlrc spcctral clcment ntethocl, rapidly ensuring
grid independcnce , appears thcreÍorc as a good candidate
lbr slass thcrnroconvcction simulations.
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PoUŽITÍ METoDY SPEKTRÁLNÍCH PRVKŮ
pŘt ŘpŠENÍ roNvprcCE TEPLA VE SKLoVINĚ

NICOLAS VANANDRUEL

Unité de Mécanique Appliqueé (CESAME),
Université Catholique de Louy,ain,

Bittintent Euler, Av. G. Lenattre, 4-6.

B - I 348 Inuvain-la-Neuve, Bel giunt

Přesnó vyStižení přenosu tep|a a hmoty při termo-
konvckčním proudění .;e velmi Žádoucí u mnoha druhů
průmyslových procesů. Tento příspěvek .je zaměřen zejména na

lepší pochopení proudění sk|oviny ve sk|ářských pecích.

Geometrie těchto pecí je dosti jednoduchá : volná h|adina
sk|oviny.ie horizontá|ní, a Stěny Ze žáruvzdorných materiálů mají
v podstatě tvar hranolu. Skutečné proÍily proudění jsou však ve

skutečnosti trojrozměrné, nebot' šřka vany bývá zÚžená v místě
krku' a hloubka sk|oviny zároveň snížená stupněm. Z těchto

clůvodů ne|ze považovat za vyhovu'jící řešení z'al'oŽené na p|ošné

souměrnosti.

U tohoto okruhu problémů vykazu.ie konvekční prodění
rne nší arnplitutJy. s typickou hodnotclu Reynoldsova čís|a o ( l ).

zatímco Péc|etovtl číslo může mít řádově hodnotu 300 (vzh|edem

k nízké tepelné vodivosti skloviny)' obtíŽc s mode|ováním proto

spíšc souvise.;í s rovnicí přenosu energie neŽ s rovnicí přenosu

hybnosti.
l k<Jyž .ie řešení v ustáleném stavu dů|ežité. časový rozvtli

průbčhu proudění.je rovněž výz'namný. Při dané intenzitě přenosu

tep|a konvekcí (Grasshofbvo čís|o má hodnotu cca. 5000) nelze
oče kávat ncStacionární řešení' Studie cit|ivosti. se kterou ko|ísa.ií
výsledky zarŮzných provozních podmínek, napřík|ad při různém
průtoku. nebo při různých teplotních okra.jových podmínkách.
však poskytu.je intbrmace o stabilitě výpočtu a re|ativní
důležitosti .iak tepe|ných, tak viskozitních faktorů.

Výpočetnírn nástro.jern vyvinutým pro modclování této

l.yzikální situace.je metoda Boussinesq so|ver, poskytu.|ící přímé

řešcní a využíva.iící nestacionární spektrální prvky. Prostorová
diskre tizace Sc realizuje rozdělením výpočtové domény do
otnezeného počtu (<50) spektrá|ních prvků. Pro kaŽdý prvck sc

ncznámé interpolu.jí Legendrovým po|ynomem vysokého řádu. V
z-ávislosti na hodnotě Prandtlova čísla přísIušnó tekutiny Ize

přenosu tep|a přiřazovat vyšší počet stupňů volnosti.
Cí|em tohoto příspěvku .ie prokázat eÍ.ektivnost metod

vyššího řádu pro matematické modelování tep|otní konvekce ve

sk|ářskó vanové peci. Porovnání s výsledky řešení ponrocí
koncčných rozdílů a konečných prvků ukazuje, že pro dosažení
pož-adovanó přesnosti |ze použít menší počet stupňů vo|nosti.
CeIkové z,vyšování výkonů počítačů umožňuje tro.jrozměrné
modelování v nettstáIeném stavu, .jako například modelování
časového průběhu změny druhu sk|oviny ve vanové peci.
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