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A two-dimensional unsteady mathematical model of particle settling in high-viscosity liquid is presented. The mathematical
description of the problem is based on the theory of continua when the presence of solid particles increases the
average density of the liquid. To verify this model by laboratory experiments, the settling of monodisperse alumina particles
in a high-viscosity liquid was observed. The settling rate was measured as a function of the particle size and concentration.
Experimental and calculated data were in acceptable agreement with differences up to 15 rel.%. In addition, the model was
used for the simulation of particles accumulation in the cell bottom. The accumulation rate predicted by the model was about
1.5 times higher than the experimental value. The comparison of the mathematical description with laboratory experiments
is the first step in the verification procedure of the model for spinel settling during high-level waste vitrification.

INTRODUCTION

EXPERIMENTAL PART

The formation of insoluble phases in glass is an
important problem of the vitrification of high-level
waste (HLW). Spinel particles precipitated from molten
glass below the liquidus temperature settle on the
bottom of the melting space and may block the
discharge chamber. To reduce the risk of melter failure
due to spinel settling, the requirement has been imposed
on HLW glass that its liquidus temperature is below the
minimum temperature of the glass melter (estimated as
1050 °C). This restriction substantially increases the
process and disposal cost due to the limited waste
fraction loaded to the glass. One possibility for reducing
the cost of HLW vitrification is to increase waste
loading to an extent, at which the amount of
accumulated spinel phase does not interfere with
melter operation. An assessment of spinel accumulation
during melter operation demands detailed knowledge of
spinel behavior in glass including thermodynamics,
kinetic, hydrodynamics and rheology of the spinel-glass
system.
The rate of spinel settling and accumulation on the
melter bottom can be estimated using mathematical
modeling. The experimental results by LaMont and
Hrma [1] have shown that spinel crystals behave as a
swarm rather than individual particles. The description
of settling by the Stokes law appears inadequate. The
aim of this work is to formulate a two-dimensional
mathematical model of insoluble particle settling in
high-viscosity liquid and to verify this model with
laboratory experiments.

The settling rate of monodisperse alumina particles
in model liquid was observed during laboratory
experiments. The model liquid was prepared by using
the glycerin and the citric acid [2] mixed at the ratio to
adjust the viscosity of the final liquid at the laboratory
temperature (20 °C) to the same value as that of HLW
glass, just above the liquidus temperature. The density
of the prepared liquid was 1300 kg m-3. Figure 1
presents micrographs of alumina particles used for the
experiments that had an average size of 10 and 100 mm.
The density of alumina, 4000 kg m-3, ensures that the
density difference in the studied system is close to that
between spinel and molten glass.
The viscosity of the alumina-particle suspension in
the model liquid was measured by Hoppler’s
viscometer. The suspension of 10 µm particles up to the
concentration of particles in the liquid, c = 100 kg m-3,
did not exhibit a measurable contribution to the
viscosity of the pure model liquid, which was 2.5 Pa s at
20 °C. Larger alumina particles, 100 µm, increased the
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Figure 2. The scheme of the observation method: 1 - bottom
cell with pure model liquid, 2 - upper cell with alumina
suspension, 3 - objective, 4 - videocamera, 5 - illuminative box

Figure 3 shows two examples of experiments. As
can be seen, the particles did not settle individually;
rather, the suspension plunged into the pure liquid
below. The asymmetrical shape of the plume is
caused by concentration non-uniformity of the
suspension at the original interface. The shift of the
a)

4

Figure 1. Alumina particles used for the experiments.
b)

viscosity of the suspension (up to c = 100 kg m-3) as
follows
η = ηPURE LIQUID + bc

(1)

where b = 0.0127 m2 s-1. Equation (1) was incorporated
into the mathematical model.
The experimental arrangement is shown in figure
2. The observation cell consisted of two cubic parts
having a dimension of 5 × 5 × 5 cm. In the beginning of
the experiment, the bottom cell was filled with pure
model liquid and covered by a thin sheet. Then the
upper (bottomless) part was placed above the bottom
cell and filled with the colored hand-mixed suspension
of alumina particles. The sheet separating both liquids
was slowly pulled up and the shift of the originally
plane interface produced by the settling of alumina
particles was monitored by a videocamera.
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Figure 3. Motion of the interface between the liquid with
suspended alumina particles (100 µm) and the pure liquid.
a) c = 12.5 kg m-3; b) c = 25 kg m-3
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ρ1 
FV= gc 1 

ρs 

(2)

where g is the acceleration due to gravity, c is the
concentration of particles, and ρs and ρl are the density
of solid particles and the liquid, respectively.
The settling rate of solid particles is predicted by
Stokes law:
(ρs - ρ1) gd2

vSTOKES =

a)

18ρ1ν

(3)

where d is the particle diameter and ν is the kinematic
viscosity of the liquid.
The mathematical model formulated for a twodimensional case involves the momentum balance,
continuity equation and the balance of solid particles:
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Figure 4. The shift of the settling front versus alumina particle
concentration.
a) particle size 100 µm;  - 100 kg m-3, U - 53.36 kg m-3,
- 26.68 kg m-3,  - 13.34 kg m-3, S - 6.67 kg m-3,  3.33 kg m-3 ;
b) particle size 10 µm;
- 100 kg m-3,  - 53.36 kg m-3, z -3
26.68 kg m ,  - 13.34 kg m-3,  - 6.67 kg m-3, S - 3.33 kg
m-3
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settling front as a function of particle size and
concentration is displayed in figure 4. The slower
motion of the settling front for large alumina particles
can be attributed to the higher viscosity of the
suspension. Curves in figure 4 were approximated by
linear dependencies and the average velocities of the
settling front movement were used for the verification
of the mathematical model.
The sedimentation rate of alumina particles
(80 µm, c = 100 kg m-3) was measured as the thickness
of the settled layer at the bottom of the cell. Figure 9
(see section Numerical results) compares experimental
values with those calculated by the mathematical
model.
MATHEMATICAL MODEL
The mathematical description of the problem is
based on the theory of continua. We postulate that the
presence of solid particles increases the average density
of the liquid. The buoyancy force acting on the unit
volume of the suspension is given by
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(7)
Here u and v denote velocity components, P is the
pressure, D is the diffusion coefficient representing
Brown’s motion of particles, and x and y are the
horizontal and vertical coordinates.
Initial and boundary conditions corresponding to
the laboratory arrangement are summarized in figure 5.
The set of field equations (4 - 7) was solved numerically
using the method of control volumes.
NUMERICAL RESULTS AND DISCUSSION
The experimental system with a heavy fluid
initially placed above a lighter liquid in a gravitational
field (as described in Experimental part) produces the
Rayleigh-Taylor instability [3 - 5]. The variability of the
shape of the settling front (the interface between the
falling suspension and the pure liquid) indicates that
hand mixing of the suspension did not ensure a perfectly
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Figure 5. Initial and boundary
laboratory arrangement.
t = 0, all x, 0 ≤ y < a,
a ≤ y ≤ 2a,
t > 0, x = 0, or x = a, all y,
all x, y = 0,
all x, y = 2a,

conditions corresponding to the
u = 0,
u = 0,
u = 0,
u = 0,

v = 0,
v = 0,
v = 0,
v = 0,
v = 0,

c=0
c = c0
∂ c/∂ x = 0
∂ c/∂ y = 0
c=0

uniform dispersion of particles. In addition, the particle
concentration at the initial interface probably fluctuates,
affecting the horizontal position of the settling front.
To estimate the effect of experimental fluctuations,
the additional initial condition was incorporated in the
model. In the first set of calculations, the particle
concentration in the middle of the cell was increased by
5, 10 and 20 % in the middle of the cell. Figure 6 shows
the corresponding time development of the settling
front. The settling front velocity was almost independent of the value of the fluctuation.
Figure 7 shows the effect of the horizontal position
of the fluctuation (a local increase in concentration by
10 %). Calculations result in different shapes of the
settling front in dependence of the fluctuation position.
The following set of calculations was performed to
verify the model’s ability to predict the influence of
particle size and concentration on the settlingfront velocity using 10 % fluctuation in the middle of
the cell. Figure 8 compares experimental and calculated
results. The differences between the experimental and
calculated the settling front velocities v’ were within
15 rel.%.

Figure 6. Calculated time developments of the settling front for different values of concentration fluctuation in the middle of the
cell; the initial concentration of particles in the suspension was 50 kg m-3.
Ceramics − Silikáty 45 (2) 70-75 (2001)
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Figure 7. Calculated time developments of settling front for the different positions of a 10 % fluctuation moving along the interface;
the initial concentration of particles in the suspension was 50 kg m-3.

Figure 8. The comparison of experimental and calculated
values of the settling front velocity.
S - 10 µm (experimental), U - 10 µm (calculated),  - 100 µm (calculated).
100 µm (experimental),

Figure 9. The experimental and calculated sedimentation rate
of alumina particles (80 µm, c = 100 kg m-3).
S - experimental, U - calculated.

Figure 9 demonstrates experimental verification of
particle accumulation in the bottom of the cell
simulated by the model. The calculated growth rate of
settlings obtained from mass balance of particles in the
liquid is about 1.5 times larger than the experimental
value.

CONCLUSION
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The two-dimensional unsteady mathematical
model for settling of insoluble particles in a highviscosity liquid is the first step toward predicting spinel
accumulation in the HLW melter. The movement of
suspension falling into a pure liquid was evoked by
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particle concentration fluctuation higher than 10 % in
the center of the initial suspension-pure liquid interface.
The mathematical model with input data, including
initial concentration distribution, liquid/suspension
density, and viscosity, was verified by the laboratory
measurement of the effect of particle size and
concentration on the settling velocity. Experimental and
calculated values were in acceptable agreement with
differences up to 15 rel.%. In addition, the model
simulates the accumulation of particles in the cell
bottom. The sedimentation rate predicted by the model
was about 1.5 times higher than the experimental value.
Future work will focus on the three-dimensional
simulation of spinel accumulation, including the
effect of thermal convection and the experimental
data of spinel formation and dissolution in HLW glass
melt.
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MODEL USAZOVÁNÍ ČÁSTIC
VE VISKÓZNÍ KAPALINĚ
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Článek uvádí dvourozměrný matematický model
neustáleného usazování částic ve viskózní kapalině.
Matematicky popis vychází z teorie kontinua, kdy přítomnost
částic v kapalině zvyšuje hustotu suspense. Model byl ověřen
laboratorním sledováním usazování monodisperzní směsi
korundových částic v modelové kapalině. Byla sledována
závislost rychlosti usazování na koncentraci a velikosti
korundových částic. Rychlosti usazování vypočtené modelem a
změřené experimentálně se lišily o 15 rel.%. Model byl použit
pro simulaci rychlosti tvorby vrstvy částic usazených na dně
experimentální nádobky. Navržený model je prvním krokem
při tvorbě a ověřování modelu usazování spinelu ve skle pro
ukládání vysoceaktivního odpadu.
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