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One of the common methods for quick determination of compressive strength as one of the most important properties for
assessment of cement quality is to apply various modeling approaches. This study is aimed at finding a model for estimating
the compressive strength of phosphorus slag content cements. For this purpose, the compressive strengths of chemically
activated high phosphorus slag content cement prepared from phosphorus slag (80 wt. %), Portland cement (14 wt. %) and a
compound chemical activator containing sodium sulfate and anhydrite (6 wt. %) were measured at various Blaine finenesses
and curing times. Based on the obtained results, a primary stochastic model in terms of curing time and Blaine fineness has
been developed. Then, another different dataset was used to incorporate composition variable including weight fractions of
phosphorus slag, cement, and activator in the model. This model can be effectively used to predict the compressive strength
of phosphorus slag content cements at various Blaine finenesses, curing times, and compositions.

INTRODUCTION

Environmental pollution is one of the serious global
problems. The production of Portland cement in the
cement industry not only consumes raw materials and
large amounts of energy, but also as one of the primary
industrial producers of carbon dioxide (CO,), contributes
to the greenhouse effect and causes acid rain. Actually,
this industry generates greenhouse gases (GHGs) both
directly through the emission of CO, when clinker is
produced and also through the consumption of energy
[1-4]. On the other hand, the severity of environmental
regulations is enhanced progressively and has forced the
industries to put in a great effort to reduce their pollutants
[4].

One of the growing approaches for a reduction
of air contamination and also obtaining technological,
economic, and environmental benefits is the increasing
usage of industrial by-products and wastes such as fly
ash, silica fume, and different types of slags [1-6]. Among
these industrial wastes, only slags such as blast furnace
slag (BFS) [5, 7, 8], steel slag [9-11], and phosphorus
slag (PHS) [1, 12-15] have latent cementing property
and have attracted attention of many researches [5, 11,
16]. In fact, the production of slag cements and Portland-
slag cements results in resource conservation, reducing
energy consumption and minimizing emission of GHGs,
especially CO, [2].

Phosphorus slag

PHS is an industrial by-product that is similar
to BFS. PHS is mainly composed of calcium oxide
(Ca0) and silicon dioxide (SiO,). The Ca0:SiO, ratio
of PHS usually varies from 0.8 to 1.2. From chemical
composition, it can be understood that PHS is a latent
cementing material but less reactive than BFS [14, 15].
The residual phosphorus of PHS has a retarding effect on
setting time of Portland cement, and insufficient content
of Al,O, also affects early properties. Slags containing
sufficient AL,O; exhibit a higher reactivity during early
ages. Also, higher Al,O, content in the slag increases
the aluminum incorporation in calcium silicate hydrate
(C-S-H) as one of main hydration products contributing
in compressive strength development [17]. As already
known, the cement hydration reactions progress in an
alkaline environment. Residual phosphorus in the form
of P,Os leads to the formation of phosphoric acid and
consequently pH of the environment decreases. This is
a negative factor that acts as a retarder for progress of
hydration reactions and prolongs the setting time [14, 15,
18]. Therefore, it is necessary to apply valid methods like
mechanical activation, chemical activation, and thermal
curing to tailor early properties [1, 12]. In the present
study, in order to improve early strength properties of
high PHS containing cement (PHSC), mechanical and
chemical activation techniques were simultaneously
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used. The prepared cement by these techniques is called
chemically activated high phosphorus slag content
cement (CAPHSC). This new environment-friend cement
exhibits 28-day compressive strength of almost 93 MPa
at high Blaine fineness of 450 m*kg"' [19]. Another
study has confirmed a significantly better resistance for
this cement against frost-salt attack [20]. The mechanical
activation was performed in a laboratory ball mill and
the chemical activation was done by adding a compound
chemical activator. This activator was selected according
to some researches. It is based on Portland cement and
composed of mixture of various solid chemical activators
including anhydrite and sodium sulfate [1, 21-23]. The
details of the mechanical and chemical activations are
not within the scope of this study. In this paper, the main
focus is on finding a stochastic model for prediction
of compressive strength of PHSCs. However, it must
be noted that this model is not a generalized model for
all types of slag containing cements and it can only be
used to predict the compressive strength of PHSCs and
its applicability for the other types of slag containing
cements needs further investigations.

Compressive strength prediction

In general, compressive strength, durability and
sustainability are considered to be of the most important
engineering properties of hardened concretes and mortars
[24, 25]. Modeling of compressive strength is perfor-
med within the scope of this study, but comprehensive
research works are necessary to include durability and
sustainability. Exploring the concrete and mortar beha-
vior is an interesting area for researchers resulting in
many attentions to prediction of compressive strength
via modeling [25]. Common modeling approaches for
the prediction of strength properties were generally
used including analytical modeling [18, 26, 27] artificial
neural network [28, 29-37], and statistical methods
[38-41]. A common classification for the different for-
mulas available for the prediction of compressive
strength includes [24]: 1) cement composition-based
formulas, 2) constituent-based formulas, 3) maturity
concept-based formulas, and 4) strength formulas based
on age and the other characteristics.

The models based on experimental data often take
the factors such as age of curing, curing temperature,
water-to-cement ratio, Blaine fineness, composition,
and some other ones into account, but there is not a
comprehensive model that considers the effect of all these
factors, yet [42, 43]. In our previous study [44], a model
was developed based on a traditional approach, namely
linear regression and dimensionless variables and was
in terms of two variables of curing time and water-to-
cement ratio. The effect of cement composition has not
been taken into account in it. In the present study, among
five variables of curing temperature, composition, curing
time, Blaine fineness, and water-to-cement ratio, only

the first one is considered fixed at 25°C. The composition
includes three variables related to weight fractions of
PHS, cement, and the activator. Between two variables
of Blaine fineness and water-to-cement ratio, only one
of them (here Blaine fineness) is incorporated into the
model. Eventually, the final model will be in terms of
five variables of curing time, Blaine fineness, weight
fractions of PHS, Portland cement, and the activator.

Many different resources are available in the lite-
rature for compressive strength details on stochastic
modeling [39, 45, 46]. The word “stochastic” means
“random” or “chance”. The antonym is “sure”, “deter-
ministic”, or “certain”. A deterministic model predicts
a single outcome from a given set of circumstances.
A stochastic model predicts a set of possible outcome
weighted by probablities [45]. A “random number”
or “stochastic variable” is an object X defined by a
set of possible values, called “ranges”, “set of states”,
“sample space” or “phase space” and a probablity distri-
bution is performed over this set [41]. All properties
of concrete and mortar in meso-structure level show
some randomness in nature. This is a reason that leads
researchers to consider randomness or stochastic concept
[40, 41]. This fact, at a glance, is considered in this paper
in modeling approach. Here, the problem is considered
as predicting the compressive strength of PHSC mortar
which develops in mortar stochastically. The purpose of
this study is to develop a stochastic model in terms of
curing time, Blaine fineness, weight fractions of PHS,
Portland cement, and the activator for the prediction of
compressive strength of PHSCs.

EXPERIMENTAL

Materials

PHS used in this study was prepared from a phos-
phoric acid plant production located in southeast of
Tehran, Iran. The X-ray diffractogram of the PHS is
depicted in Figure 1. The peaks of periclase (MgO)
was observed as the only crystalline phase. According
to ASTM standard C188, the specific gravity of the
PHS was determined as 2940 kg:m~. Table 1 presents
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Figure 1. X-ray diffractogram of granulated phosphorus slag.
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its chemical composition determined in accordance
with ASTM standard C311. Chemical composition data
given in Table 1 confirm the relative quality of the PHS
due to its relatively high SiO, and CaO contents based
on ASTM standard C618.

ASTM Type II Portland cement (PC) was used

Table 1. Chemical composition of granulated phosphorus slag
and Portland cement (in wt. %).

PHS PC
CaO 45.14 63.26
Sio, 38.42 22.50
ALO, 7.65 4.15
Fe,0; 0.90 3.44
MgO 2.60 3.25
SO, - 1.80
K,0O 0.56 0.65
Na,O 0.43 0.20
LOI 1.87 0.61
Free lime - 0.72
P,0; 1.50 -
Bogue's potential phase composition (wt. %)
C,S - 45.62
C,S - 30.16
C,A - 5.18
C,AF - 10.47

(C: CaO; §: Si0,; A: ALO,,; F: Fe,0,)

in this study. The Blaine specific surface area and the
specific gravity of PC were 302 m*kg"' and 3120 kg'm~,
respectively. Table 1 presents the chemical composition
and Bogue’s potential phase composition of this cement.

Compound chemical activator used in this study
was prepared from a blend of 2 wt. % sodium sulfate
(Merck, Germany) and 4 wt. % anhydrite. The chemical
composition of anhydrite (in wt. %) was as follows:
Ca0-36.00, SO,-54.38, and SiO,-5.88.

Methods

As shown in Figure 2, after mixing of PHS
(80 wt. %), PC (14 wt. %) and compound chemical
activator (6 wt. %), inter-grinding of them was carried
out in a laboratory ball mill with the length and diameter
of 0.30 and 0.26 m, respectively. Inter-grinding was
continued to the target Blaine fineness levels of 205,
250, 303, 351, 400, and 450 m* kg™'.

The values of the Blaine specific surface area were
determined in accordance with ASTM standard C204 by
using Blaine air-permeability apparatus.

The water-to-cement ratios of mortars in normal
consistency were obtained based on ASTM standard
C230 by means of a flow table. For this test, PC mortar
of normal consistency was used as reference. Water-to-
cement ratio for PC mortar was 0.485.

Mortar specimens of the size 5 x 5 x 5 ¢cm® were

Compound chemical activator
(6 wt.%)
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Figure 2. Schematic of preparation steps of chemically

activated high phosphorous slag content cement.

prepared for each Blaine fineness in accordance with
ASTM standard C109. After casting, the molds were
stored in a moist cabinet with an atmosphere of more
than 95 % relative humidity at 25°C for the first 24 h and
then after demolding, the specimens were cured in lime-
saturated water at 23 = 2°C until the time of testing.

Compressive strength of CAPHSC mortar speci-
mens at different ages of 7, 14, 28, 90, and 180 days was
measured using a uniaxial hydraulic press (SCL STD
30) with £ 1 % accuracy. Three cubic mortar specimens
were used for each curing time and each Blaine fineness
and the average of the three values was reported as the
result.

THEORETICAL
Modeling

The stochastic modeling is done using two various
datasets. One dataset is obtained from our original
experimental work and the other one has been adopted
from a different source in the literature. The modeling
process is performed in two phases. In phase 1, a pri-
mary model is derived in terms of Blaine fineness and
curing time based on our original experimental results.
We call this primary model as age-fineness model
(AF model). In phase 2 of the modeling, a coefficient
will be incorporated in the AF model. This coefficient
as a function of weight fractions of PHS, PC, and the
activator will be determined using the dataset taken
from a different reference.

Phase 1: primary model

The compressive strength data obtained from our
experimental work are given in Table 2. First step of the
modeling in this phase is to have a certain construction
route for obtaining a proper model. Then, by using this
route, the effect of factors such as Blaine fineness and
curing time on the compressive strength of CAPHSC
mortar are taken into account. The suggested route as
shown in Figure 3 could be used to develop a prediction
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equation for compressive strength property of CAPHSC
mortar. This figure is a flowchart showing the executional
steps for obtaining the stochastic primary model.

Table 2. Experimental compressive strength data for CAPHSC
mortar.

Blaine fineness Compressive strength (MPa)

(m’kg") 7 days 14 days 28 days 90 days 180 days
205 1432 2773 3932 5893 72.84
250 21.92 3441 4690 67.33 81.53
303 3332 4581 5830  79.34 91.83
351 44.77 5726  69.75  90.79  101.53
400 56.28 6877  81.40 10230 114.80
450 6738 79.87 9293 113.40 125.89

According to steps presented in Figure 3, at the
beginning, the the compressive strength is selected as
the stochastic variable. Then, a proper initial model is
considered in terms of one of the independent variables
(here curing time). In the next step, the residuals of
compressive strength are calculated and a suitable
secondary model is chosen to correlate these residuals
with the other independent variable (here Blaine
fineness). Final AF model is obtained from summation
of initial and secondary models. Next step is attributed
to the calculation of errors and consequently accuracy
of the AF model. If the errors are not reasonable, it is
necessary to return to initial model selection step or
secondary model selection step and repeat the steps to
the end.

The sign convention for the data used in this section
has been denoted as follows:

w is compressive strength (MPa),
7 is curing time (day),
y is Blaine fineness (m*kg™).

Based on the above-mentioned steps, at first, a
proper non-linear model for the data is selected by
following Equation 1:

w=oln(l/r)+7n @)

where « is the coefficient related to the curing time z; 7
is the residuals.

The reason for selecting the above equation is that
the logarithmic form properly describes the compressive
strength behavior of the slag cements according to some
previous studies [19, 47, 48]. To compute the value
of a, the values of compressive strength are plotted in
terms of inverse curing time as shown in Figure 4. It is
observed from Figure 4 that the y values versus inverse
curing time at all Blaine finenesses follow a logarithmic
form. The correlation coefficients for all fitted equations
are about 0.98. The curve related to each Blaine fineness
has its own value of a.

A 4

Selection of variables (compressive
strength as stochastic variable)

A\ 4
Select a proper initial model (model 1) in
terms of one of the independent variables

A4

A

Calculate Residuals

A4

Fitting a proper curve to residuals in terms
of another independent variable (model 2)

A4

l

YES

Is there any other
independent variable?

Final stochastic model:
model 1 + model 2 + ...

\4
Model validation test
and compute errors

:

Are errors reasonable?

Model is OK

Figure 3. Steps for obtaining the primary compressive strength

prediction model.
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Figure 4. Variation of compressive strength of CAPHSC mortar
versus inverse curing time.
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The values of a associated with all Blaine finenesses
are given in Table 3. Inasmuch as the values of a are
close together, their average is calculated and considered
as the coefficient of curing time in Equation 1.

Again, Equation 1 is re-written in the form of Equation 2
that it is as follows:

w=-17.873 - In(1/7) + ©)

Table 3. Values of a for all Blaine finenesses used in our
experimental work.

Blaine fineness (m*kg™) a
205 -17.66
250 -18.14
303 -17.97
351 -17.95
400 -17.97
450 -17.55

Next step of the primary modeling is to compute the
values of residuals and plot them against Blaine finness.
The residuals are calculated from Equation 3

n= V/experimental - l//Equation 2 (3)

In accordance with Equation 3, if the y calculated
from Equation 2 is subtracted from the experimental
v, the values of residuals are obtained. The plot of the
residuals versus the Blaine fineness has been illustrated
in Figure 5.

40
30 -

20

10
0
10

Residuals (MPa)

-20

-30 —T
180 230

T
430 480

T T T
280 330 380
Blaine fineness (m2-kg™")

Figure 5. Variation of compressive strength residuals versus
Blaine fineness.

As it is seen from Figure 5, the compressive
strength residuals in terms of the Blaine fineness follow
a linearity form. By fitting linear relationship to the
residuals, Equation 4 is obtained

5 =0.2198y — 66.702 @)

The correlation factors for all curves are about 0.99.
Finally, the AF model for prediction of compressive
strength of CAPHSC mortar is summation of Equations
2 and 4 and it is described in Equation 5

w=-17.873 - In(1/2) + 0.2198y — 66.702 )

Phase 2: incorporation of composition

In phase 1, we obtained a primary model called AF
model using our experimental results. This model is in
terms of curing time and Blaine fineness. In phase 2,
the composition variables including weight fractions of
PHS, PC, and the activator based on a dataset presented
in Table 4 are taken into account.

Table 4. Compressive strength data for PHS containing cement
taken from the literature [49].

Blaine fineness PHS content Compressive strength (MPa)

(m*kg™") (wt. %) 3 days 28 days 56 days
10 22.6 48.8 57.8
393 30 159 35.8 48.3
50 9.0 20.9 30.8
10 20.4 45.8 50.8
401 30 15.5 354 42.6
50 8.8 22.7 35.1
10 22.4 49.1 55.8
422 30 12.2 33.1 40.5
50 10.5 23.9 31.7

In fact, modification of the AF model is performed
by using a coefficient that involves mentioned weight
fractions in the AF model. Therefore, Equation 5 is
modified as shown in Equation 6:

y* = (-17.873 - In(1/7) + 0.2198y — 66.702) - B (6)

where y* is the initially predicted compressive strength.

The main focus in this phase is to find f as a
stochastic function. Figure 6 illustrates a schematic pre-
sentation of the modeling process in this phase.

At first, curing time and Blaine fineness data from
Table 4 (z; and y,) are applied to the AF model and the
primary compressive strength data (y,) are obtained.
In next step in this phase, f; coefficients are calculated
by dividing experimental compressive strength data in
Table 4 to values of y; according to Equation 7:

cS

— experimental 7
S "
in which CS is the compressive strength.

The values of f; are presented in Table 5. Average
of f; coefficients for each Blaine fineness is computed
(8 and then a stochastic linear equation is considered
for fitting each f; coefficient. This linear equation is as
a function of weight fractions of PHS and PC as presen-
ted in Equation 8:

B =aP+hC (®)

where P is weight fraction of PHS; and C is weight
fraction of PC.
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Figure 6. Schematic presentation of the modeling process in phase 2.

Table 5. Values of f; coefficients calculated from Equation 7.

Blaine fineness PHS content B
(m*kg™) (wt. %) 3 days 28 days 56 days
10 0.575 0.616 0.631
393 30 0.404 0.452 0.527
50 0.229 0.264 0.336
10 0.519 0.578 0.555
401 30 0.394 0.447 0.465
50 0.224 0.286 0.383
10 0.570 0.619 0.609
422 30 0.310 0.418 0.442
50 0.267 0.302 0.346

In this way, coefficients of a; and b; associated with
each Blaine fineness are determined. Final f coefficient
as given in Equation 9 is made by replacing a; and b,
with the average of g; (@) and the average of the b, (b)
coefficients:

B=-0.113P + 0.638C )

To determine the numerical coefficeint of the acti-
vator, this point was considered that /5 coefficient is equal
to unity for CAPHSC mortars and the weight fraction
of the activator used in the composition of CAPHSC as
mentioned earlier is 0.06, thus:

L =-0.113P + 0.638C + 16.6854 (10)

Because the AF model, namely y, was derived from
our original experimental data and the f function was
obtained from data taken from a different reference,
modification of the y* as what is shown in Equation
11 is required. This modification method has been
suggested based on programming in MATLAB software
environment.

w+y*
y-y*

Where the sign + or — is determined using Q factor
in Equation 12 so that if Q factor is less than or equal
to 5, the sign is — and if Q factor is larger than 5, the sign
+ is applied. Also, if Q factor is larger than 25, we use

2|(y + y*)/(y — w*)| instead of |(y + w*)/(y — y*)| in
Equation 11.

prr =yt (11)

0 (= Jlaw-v (12)

Finally, the model for prediction of the compressive
strength of PHSC mortars is given in Equation 13:

w* = (-17.873Ln(1/7) + 0.2198y — 66.702) x 8

B=-0.113P + 0.638C + 16.6854 (13)
y+y*

yRE =yt
y—y*

Model validation

To assess the validation of the proposed model, two
approaches were considered. The first approach is to
reproduce datasets used in the modeling and the second
one is to predict the compressive strength values that
have not been used in the modeling and to compare them
with the corresponding experimental values. Figures
7a and 7b depict the original system surface related to
our experimental data to be modeled and the system
generated by the proposed model, respectively.

Table 6. Reproduction of the compressive strength data taken
from a different source [49].

Blaine fineness PHS content Compressive strength (MPa)

(m*kg™) (wt. %) 3 days 28 days 56 days
10 20.5 45.0 55.2

(22.6) (48.8) (57.8)
13.8 35.1 452

393 30 (159) (358) (48.3)
50 11.0 22.5 27.4

9.0)  (209)  (30.8)
10 19.3 41.9 48.9

(204)  (458)  (50.8)
14.4 32.0 41.0

401 30 (155)  (354) (42.6)
50 10.5 23.0 32.9

8.8)  (227)  (35.1)
10 20.9 45.1 52.1

(22.4)  (49.1)  (55.8)
14.5 32.8 38.9

422 30 (122)  (33.1)  (40.5)
50 13.8 20.6 29.2

(10.5) (23.9) (31.7)

Note: Data in parentheses are experimental results.
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Figure 7. Original system to be modeled (a) and system gene-
rated by proposed model (b).

It is found out from Figure 7a that the original sys-
tem depicts a general nonlinear behavior at a constant
Blaine fineness and a general linear behavior in a con-
stant curing time. And this is what the model properly
estimates as shown in Figure 7b.

A comparison has been presented in Figure 8
between the measured 7-, 14-, 28-, 90-, and 180-day
compressive strengths and predicted ones by the model.

As it is obvious in Figure 8, the values obtained
from the proposed model are very close to the experi-
mental results. Table 6 lists the reproduction of experi-
mental data adopted from a different reference. The data
reveal that the proposed model is suitable, with predicted
compressive strength values being similar to experimen-
tally obtained values. The comparison between the expe-
rimental and predicted 270-day compressive strength of
CAPHSC mortar at Blaine finenesses of 303, 351, 400,
and 450 m” kg™ has been shown in Figure 9. As it is clear
from this figure, the experimental and predicted 270-day
compressive strength are close together.
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Figure 8. Comparison of experimental and predicted compres-
sive strengths of CAPHSC at various Blaine finenesses and
curing times.
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Figure 9. Comparison of the experimental and predicted 270-
day compressive strength of CAPHSC.

The model predicted 270-day compressive strength
of CAPHSC mortar at Blaine finenesses of 303, 351,
400, and 450 m*kg" with an error of 2.00, 1.88, 0.46,
and 1.22 %, respectively. Also, some raw data were
applied from a different source to the proposed model
to create some predictions and compared them with the
experimental values. Table 7 presents the raw data that
have not been used in the modeling process and their
corresponding estimated values. The results in Table
7 confirm the reliability of the proposed model for the
estimation of the PHSC compressive strength with curing
time, Blaine fineness, and weight fractions of PHS, PC,
and the activator.

Table 7. Prediction of the PHSC compressive strengths taken
from a different source [49].

Blaine fineness PHS content ~Compressive strength (MPa)

(m*kg™) (wt. %) 3 days 28 days 56 days
10 22.5 48.2 55.4

(213)  (442)  (53.0)
18.9 36.1 36.3

463 30 (17.9)  (352) (32.8)
50 14.7 26.7 29.9

(12.7)  (282) (32.3)
10 18.8 50.9 58.4

(20.8)  (45.6)  (54.5)
18.7 38.6 47.9

494 30 (162)  (39.6)  (50.6)
50 11.7 28.6 40.7

9.4)  (717) (42.9)
10 18.6 42.7 58.4

(21.4) (435  (55.5)
19.5 40.4 46.7

>16 30 (17.0)  (40.1)  (51.0)
50 12.44 24.9 33.13

(10.6)  (22.8) (36.8)

Note: Data in parentheses are experimental results.

The performed comparisons in Figures 7-9 and also
the results presented in Tables 6 and 7 show that the
suggested stochastic model is capable of predicting the
compressive strength of PHSC mortars with reasonably
good agreement. Using this model, it is possible to predict
the compressive strength of PHSC mortars at various
curing times, Blaine finenesses, and compositions in-
cluding three variables of PHS content, PC content, and
the activator content. Inasmuch as two various datasets
from two different sources were used for the modeling,
so it should be noted that the error of the proposed model
can be originated from different sources such as the
precision of the measuring instruments, the precision of
the observers, the precision of the calculations, and the
peripheral effects. Extrapolation of data beyond the days
used in this study can result in some errors in the values
predicted by the model. This is, however, inevitable in
mathematical calculations.

CONCLUSIONS

In this study, two phases were executed for stochastic
modeling of compressive strength of chemically activated
phosphorous slag content cement. In phase 1, based on
a certain construction route, a stochastic primary model
which takes into account the effect of Blaine fineness and
curing time was developed to predict the compressive
strength of the cement. In phase 2, the primary model was
modified using a function including weight fractions of
phosphorus slag, Portland cement, and the activator. The
proposed model is based on experimental results taken
from various sources and includes three parts. The first
part is a logarithmic equation in terms of curing time;
the second part is in a linearity form in terms of Blaine
fineness, and the third part is related to a coefficient
that is a linear function including mix composition.
The suggested compressive strength model was verified
for efficient prediction of compressive strength of
phosphorus slag containing cement mortars. All of the
results obtained from the model show relatively excellent
agreement with experimental results.
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