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A new generalized cross-property relation is proposed for predicting the relative elastic moduli (Young's modulus, shear
modulus, bulk modulus) from the relative conductivities (thermal or electrical) of isotropic porous materials with spheroidal
pores. Using this cross-property-relation it is possible to estimate the elastic moduli when the conductivites are known (either
from real-world measurements or from numerical calculations on digital microstructures) and vice versa. This generalized
cross-property relation contains the case of spherical or isometric pores as a special case, but is sufficiently general to
account for the properties of materials with strongly anisometric pores, i.e. randomly orientated prolate and oblate pores,
including the extreme cases of pore channels or microcracks. The exponent of this cross-property relation is shown in
graphical form and — for future reference with respect to practical applications — its numerical values are listed in tabular

form as a function of the pore aspect ratio and the Poisson ratio of the solid.

INTRODUCTION

The prediction of the effective properties of porous
materials is a long-standing problem of materials scien-
ce and is still of broad current interest [1-6]. From the
practical point of view it is often desirable to predict,
or at least roughly estimate, the relative property of
a porous material, i.e. the non-dimensional ratio of
its effective property and the property of the dense
solid, based on porosity information alone, i.e. only
on the basis of knowing the volume fraction of pores.
An exact prediction is possible only for certain special
cases, e.g. for the axial component of the (thermal or
electrical) conductivity or Young’s modulus of certain
anisotropic microstructures, namely translationally inva-
riant ones, or for dilute systems with spherical pores,
but for most microstructures of practical interest only
upper bounds (Voigt bound, upper Wiener bound,
upper Hashin-Shtrikman bound) or rough estimates
based on model relations are available, e.g. effective
medium approximations of the polynomial, power-law
or exponential type [7]. In particular, this concerns the
practically important case of isotropic porous mate-
rials with uniform random microstructures. Even if
the microstructures are isotropic, uniform and random,
the relative property estimates based on these model
relations become rather unreliable as soon as the porosity

becomes moderately high and the pore shape deviates
from sphericity (even if the shape remains isometric on
average, e.g. in the case of concave pores). Even worse
is the predictability of relative properties in the case of
strongly anisometric pores (including the extreme cases
of 1D pore channels and 2D microcracks), even if the
microstructure as a whole remains isotropic due to the
random orientation of the anisometric pores.

It is clear that a universal prediction of the relative
properties of porous materials based on the porosity
(i.e. the pore volume fraction) alone does not exist, simply
because essential microstructural information is missing
and the problem is in this sense ill-posed. However,
there are certain pairs of properties for which the relative
values are coupled, leading either to inequalities,
so-called cross-property bounds (elemental or translatio-
nal) [1, 6, 8, 9], or to cross-property relations (CPRs) in
the form of equations [7, 10-13]. Some of these, e.g. the
Levin relation between the effective thermal expansion
coefficient and the effective bulk modulus [10], are valid
for arbitrary (isotropic) microstructures, whereas other,
e.g. the Sevostianov-Kovacik-Simancik cross-property
relation between the Young’s modulus and conducti-
vity [11], are valid only for special microstructures,
e.g. the Hashin assemblage [5], see also [7]. Among the
latter, our cross-property relation [14] seems to be the
most realistic CPR for predicting the Young’s moduli

74

Ceramics — Silikaty 61 (1) 74-80 (2017)



A generalized cross-property relation between the elastic moduli and conductivity of isotropic porous materials with spheroidal pores

of isotropic porous materials with isometric pores when
the conductivity is known and vice versa, because it
contrast to all other CPRs it holds both for power-law
materials and for exponential materials and thus can be
expected to provide good approximations at least for
materials which are in between these two. It is a direct
consequence of the complete analogy between relations
describing the porosity dependence of Young’s modulus
and conductivity [15]. CPRs of this type are useful
e.g. in cases where the sample geometry, or the lack
of instrumental equipment or numerical tools, does not
allow the determination of one of these properties, while
the other can be determined. Moreover, it has been shown
that the mere existence of non-trivial cross-property
relations of this type indicates that minimum solid area
models are not useful [16]. A remarkable recent result,
not yet published, is that our original CPR does not hold
only for materials with convex pores and foams, but also
for materials with concave pores. However, it is clear
that our original CPR for isometric pores [14] cannot
hold for anisometric pores. Therefore it is the purpose of
this paper to derive a generalized version of our CPR that
can be used for spheroidal pores of known aspect ratio.
Moreover, the generalized CPR presented here does not
hold only for the tensile modulus (Young’s modulus),
but also for other elastic moduli (shear modulus and bulk
modulus), even if the Poisson ratio is not close to 0.2.

THEORETICAL

Derivation of the generalized
cross-property relation

The derivation of our original cross-property rela-
tion (CPR) [14] was based on the proposition that
materials that obey either a power-law or an exponential
porosity dependence for one property, e.g. thermal or
electrical conductivity based on Fourier’s law and Ohm’s
law, respectively, exhibit the same type of porosity de-
pendence also for another property, e.g. Young’s mo-
dulus. Based on this proposition, our original CPR
between the relative Young’s modulus and the relative
conductivity of isotropic porous materials with spherical
or isometric pores can be written as

E,=k", )

where E, = E/E, and k, = k/k, are the non-dimensional
ratios of the effective Young’s modulus and conductivity,
respectively, to their counterparts for the dense solid.
This CPR is based on the fact that for spherical pores the
numerical coefficients of the single-inclusion solutions
for conductivity (Maxwell coefficient) and Young’s
modulus (Dewey-Mackenzie coefficients [17,18]) are 3/2
(exactly) and 2 (to an excellent approximation for solid

Mackenzie coefficients are functions of the Poisson ratio
(of the dense solid) v [19]:

_3(1-v)
k1= 2(1-2v)’ @
_15(1-v)
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~_30-v)(9+5v)
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Numerical values of these coefficients for the

tensile, shear and bulk moduli of porous materials with
spherical pores are listed e.g. in [19]. For parameter-
free predictions of relative properties these coefficients
have to be implemented into one of the effective medium
approximations, e.g. the power-law relation [20]

M, =(1-¢)" (5)
or our exponential relation [21]
-[M1¢
1-¢ )
where M represents any of the moduli £, G or K. Since
completely analogous relations are available for con-
ductivity (thermal or electrical), the generalized CPR for

spherical pores (in practice a good approximation also
non-spherical isometric pores) is

M~ = kr[M]/[k] . (7)

M=m( (©)

Also for spheroidal pores, both oblate and prolate,
the corresponding single-inclusion solutions are available
[22-24] and have been extensively used [25-30]. In this
case the corresponding coefficients are functions of the
pore shape (aspect ratio). In particular, the Maxwell
coefficients for the conductivity are given by the relation
[31]

3g+2
T6g-3¢>
where for prolate pores (i.e. pores with aspect ratio larger
than unity, R = c/a > 1)
R (RVR? —1—arcosh R)
- ®R—-1)" ’

while for oblate pores (i.e. pores with aspect ratio smaller
than unity, R = c/a < 1)
_ R(arccos R—R+1-R?)
q= INE . (10)
(1-R")
Similarly, the Eshelby-Wu coeffcients for the shear
and bulk moduli are functions of the aspect ratio (in
addition to being functions of the Poisson ratio) [32], i.e.

®)

€))

1-v  4(1+v)+2R*(7T-2v)-[3(1+4)+12R*(2-V)]-¢

Poisson ratios in the range 0.1 - 0.4 [19]), respectively.  [k]= : s h _

The generalization of this CPR to other elastic moduli 6(1-2v) 2R +(1-4R*) - g +(R*-1)(1+v)-¢* ,

is straightforward, taking into account that the Dewey- (11)
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4R -1)(1-v)

[G]

TISB( 1)+ 2R (3—4n)+ [(7T—8v)— 4R*(1-2v)] ¢}

8(1—v)+2R>*(3+4v)+[(8v —1)—4R*(5+2v)] ¢ +6(R* ~1)(1 +Vv) - ¢°

2R*+ (1-4R*)-g+(R*—1)(1+v)-q° ’

X

(12)

5 80D+ 2R*(5—4)+[3(1-2v)+6R*(v—1)]-¢
—2R*+[2-v)+R*(1+V)]-q

where R = c/a is the aspect ratio of the spheroidal pore
and ¢ a function of the aspect ratio, see Equations 9 and
10. The Eshelby-Wu coefficient for the tensile modulus
(Young’s modulus) is then given by the expression [32]

[K]+2[G]+2v([G]~[K])
3

Figures 1 and 2 show both the Maxwell coefficients
for conductivity and the Eshelby-Wu coefficients for
the Young’s modulus (or any other elastic modulus) in
the case that the Poisson ratio (of the solid) is 0.2. It is
evident that both coefficients exhibit a minimum value
for spherical pore shape and asymptotically approach
a limit value for prolate pores (1.667 for the Maxwell
coefficient and 2.344 for the Eshelby-Wu coefficient),
while for oblate pore shape both exhibit an exponential
increase to infinitely high values when the aspect ratio
approaches zero. While the Eshelby-Wu coefficients
for the Young’s modulus do not change very much with
the Poisson ratio, those of the other elastic moduli,
especially of the bulk modulus, are strongly dependent
on the Poisson ratio [32]. Nevertheless, all the aforesaid
holds qualitatively also for the other elastic moduli, only
the asymptotic limit values for the prolate pores change
(from 2.333, 2.667 and 1.667 for the Young’s modulus,
shear modulus and bulk modulus, respectively, when

[E]= (13)
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Figure 1. Maxwell and Eshelby-Wu coefficients of porous
materials with spheroidal pores in dependence of the aspect
ratio of spheroidal pores (logarithmic graph).

the Poisson ratio is 0 to 2.200, 1.867 and infinity,
respectively, when the Poisson ratio is 0.49999, i.e.
approaches 0.5).

Exponents of the generalized cross-property
relation in dependence of the pore aspect
ratio and solid Poisson ratio

Figures 3-5 show the values of the exponents of
the generalized cross-property relation (CPR) as a
function of the pore aspect ratio, with the Poisson ratio
(of the solid) as a curve parameter. Tables 1-3 list the
corresponding numerical values as a handy reference for
the purpose of practical application. It is evident that
the curves for the tensile modulus (Young’s modulus)
are relatively close, while those of the shear modulus
exhibit a wider range of values and the range of CPR
exponents for the bulk modulus is widest, becoming
infinitely large as the Poisson ratio approaches 0.5 (for a
Poisson ratio of 0.5, i.e. an incompressible material, the
CPR coefficient of the bulk modulus is not defined). The
lowest CPR exponent (viz. a value of 1) is attained for
the bulk modulus of a material with randomly oriented
prolate pores. All other CPR coefficients are larger than
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Figure 2. Maxwell and Eshelby-Wu coefficients of porous
materials with spheroidal pores in dependence of the aspect
ratio of spheroidal pores (semilogarithmic graph).
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unity. This agrees with the requirement that the relative
bulk modulus must always be equal or smaller than the
relative conductivity, i.e.

K. <k, (14)

(Milton-Torquato cross-propertybound/MTbound[8,9]).
In all cases the CPR exponents are limited from above
and below (except for the CPR exponent for the bulk
modulus of incompressible materials, which is not
defined, and the CPR exponent for the bulk modulus
of materials with solid Poisson ratios approaching
0.5, for which the CPR exponent approaches infinity).
All exhibit a minimum value for spherical pore shape
(aspect ratio R = 1) and approach finite limit values for
extremely oblate and prolate pore shape. In particular,
for solid Poisson ratios of 0.2 the minimum value is
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Figure 3. Cross-property relation exponent for the Young’s
modulus of isotropic porous materials as a function of the pore
aspect ratio, with the Poisson ratio as a parameter.
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Figure 4. Cross-property relation exponent for the shear modu-
lus of isotropic porous materials as a function of the pore aspect
ratio, with the Poisson ratio as a parameter.

4/3 = 1.333, see Equation 1, the oblate (R — 0) limits
are 2.001, 1.704 and 3.186 and the prolate (R — )
limits are 1.406, 1.408 and 1.400 for the CPR exponents
of the tensile modulus (Young’s modulus), shear
modulus and bulk modulus, respectively, see Tables
1-3. For the tensile modulus (Young’s modulus) and
shear modulus minimal values of CPR exponents (1.278
and 1.111, respectively, for spherical pore shape) are
attained when the solid Poisson ratios approach 0.5
(for incompressible materials, i.e. 0.5 exactly, the CPR
coefficients are not defined), while for the bulk modulus
minimal values of CPR exponents (1.000 for spherical
pore shape) are attained when the solid Poisson ratio
is 0. Interestingly, closer inspection reveals that the CPR
exponent for the tensile modulus (Young’s modulus) has
a relatively complicated behavior as a function of the
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Figure 5. Cross-property relation exponent for the bulk modu-
lus of isotropic porous materials as a function of the pore aspect
ratio, with the Poisson ratio as a parameter.
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Figure 6. Cross-property relation exponent for the Young’s
modulus of isotropic porous materials as a function of the pore
aspect ratio, with the Poisson ratio as a parameter.
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888888

0.4 0.49
o0
o0
0

0.33
5219 8.363

5.196 8.327
5.129 8.219

5.022 8.045
4.820 7.719
4.303 6.882
3.667 5.846
2.899 4.582
2.127 3.276

0.31
4.737
4.716
4.656
4.558
4.375
3.908
3.334
2.643
1.953
1.816
1.873
1.950
1.970
1.976
1.978
1.979
1.979
1.979
1.979

0.3
4.530
4.453
4.360
4.185
3.739
3.191
2.534
1.880
1.750
1.803
1.874
1.892
1.898
1.900
1.900
1.900

4.324 4511

0.29
4.342
4.268
4.179
4.012
3.585
3.062
2.435
1.813

0.27
4.013
3.996
3.945
3.863
3.709
3.316
2.836
2.262
1.697
1.587
1.630
1.685
1.699
1.703
1.704
1.704
1.704

0.26
3.868
3.852
3.802
3.723
3.575
3.198
2.736
2.185
1.646
1.542
1.582
1.633
1.645
1.649
1.650
1.650
1.650
1.650
1.650

0.25
3.734
3.718
3.670
3.594
3.452
3.088
2.644
2.115
1.599
1.500
1.538
1.585
1.596
1.599
1.600
1.600
1.600

0.24
3.609
3.594
3.548
3.474
3.337
2.986
2.558
2.050
1.555
1.462
1.497
1.540
1.550
1.553
1.554
1.554
1.554
1.554
1.554

0.23
3.493
3.478
3.434
3.363
3.230
2.891
2.479
1.989
1.515

0.22
3.384
3.370
3.327
3.258
3.130
2.803
2.404
1.933
1.478
1.393
1.424
1.461

0.21
3.282
3.268
3.227
3.160
3.036
2.720
2.335
1.880
1.443
1.362
1.391
1.425
1.432
1.434
1.434
1.434
1.434

Poisson ratio
0.2
3.186
3.173
3.133
3.068
2.948
2.642
2.270
1.831
1.411

0.19
3.096
3.083
3.044
2.982
2.865
2.569
2.208
1.784
1.380
1.306
1.332
1.361
1.366
1.367
1.368
1.368
1.368

0.18
3.011
2.998
2.960
2.900
2.787
2.499
2.150
1.741
1.352
1.281

0.17
2.930
2918
2.881
2.823
2.713
2.434
2.096
1.699
1.325
1.258
1.280
1.304
1.308
1.309
1.309
1.309
1.309

0.1
2.465
2.454
2.424
2.376
2.286
2.057
1.782
1.465
1.174
1.125
1.139
1.151
1.151
1.151
1.150
1.150
1.150
1.150
1.150

1.992
1.984
1.961
1.923
1.853
1.678
1.470
1.235
1.031

0.001
0.002
0.005
0.01
0.02
0.05

1
0.2
0.5

Table 3. Cross-property relation (CPR) exponents for the CPR between conductivity and the bulk modulus.
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Poisson ratio: curves for different Poisson ratios can
intersect each other, see Figure 6 and Table 1, so that
the CPR exponents can be equal for different Poisson
ratios (e.g. for spherical pores in materials with solid
Poisson ratios 0.21 or 0.33) and thus the possibility of
interpolating between different Poisson ratios is rather
limited. However, the CPR exponents are very similar
in this region, and thus Table 1 should be sufficient for
all cases occurring in practice.

SUMMARY AND CONCLUSION

A new generalized version of our cross-property
relation (CPR) between the tensile modulus (Young’s
modulus) and conductivity (thermal or electrical) of iso-
tropic porous materials with isometric pores has been
proposed that extends the applicability of our original
CPR to other elastic moduli (shear and bulk modulus)
and to randomly oriented anisometric (spheroidal) pores,
including their extreme special cases, namely pore
channels and microcracks. This new CPR is a handy
tool to predict the relative elastic moduli when the
relative conductivities are known (or vice versa) for an
extremely wide range of different microstructures. Based
on calculations of Maxwell coefficients and Eshelby-
Wu coefficients for prolate and oblate spheroids, the
values of the CPR exponent are given in graphical and
numerical (tabulated) form.
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