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In this paper, the temperature-dependent proportional limit stress of carbon fiber-reinforced silicon carbide ceramic-matrix 
composites (C/SiC CMCs) is investigated using the energy balance approach. The temperature-dependent micromechanical 
parameters of fiber and matrix modulus, fiber/matrix interface shear stress and interface debonded energy, and matrix 
fracture energy are incorporated into the analysis of the micro stress analysis, fiber/matrix interface debonding criterion 
and energy balance approach. The relationships between the proportional limit stress, fiber/matrix interface debonding 
and temperature are established. The effects of fiber volume fraction, fiber/matrix interface shear stress, interface frictional 
coefficient, interface debonded energy and matrix fracture energy on the proportional limit stress and fiber/matrix interface 
debonding length versus temperature curves are discussed. The experimental proportional limit stress and fiber/matrix 
interface debonding length of 2D C/SiC composite at elevated temperatures of 973 K and 1273 K are predicted. For C/SiC 
composite, the proportional limit stress of C/SiC composite increases with temperature, due to the increasing of fiber/matrix 
interface shear stress and decreasing of the thermal residual stress.

INTRODUCTION

	 With the development of aerospace industry, the 
requirements for high temperature, high specific strength 
and high specific modulus materials are getting higher. 
Ultra-high temperature, long-life lightweight thermal 
structural materials are the key prerequisites for the future 
development of aerospace engines to high performance, 
light weight, low emissions, and low noise. Ceramic 
matrix composites (CMCs) possess the advantages 
of high specific strength, high specific modulus, low 
density, good wear resistance and chemical resistance 
at elevated temperatures, making them the material of 
choice for replacing high temperature alloys in high 
thrust-to-weight ratio aero engines [1, 2, 3, 4, 5]. The 
mechanical properties of CMCs are much different from 
those of single-phase ceramics. In single-phase ceramics, 
the failure of materials is caused by the initiation and 
propagation of main cracks. The elastic modulus of the 
whole material does not change during this process. 
However, when the CMC is subjected to stress, there 
are many microscopic failure mechanisms generated 
inside of composite, i.e., matrix cracking, fiber/matrix 
interface debonding and fibers fracture, leading to the 
quasi-ductile behavior in tensile stress-strain curves 
[6, 7 and 8]. Specially, in CMCs the onset of nonlinearity, 
i.e., the proportional limit, does not represent the yield 

point and onset of work hardening as it does in metals 
[9]. Instead, in CMCs the proportional limit is often 
associated with the macroscopic manifestation of first 
matrix cracking. The proportional limit stress (PLS) is 
a more important property than fracture strength while 
the structural component is designed [10]. The factor of 
safety design is obtained by comparing the PLS with the 
applied stress state (σ) and the value of a safety design 
should be greater than one, i.e., PLS/σa > 1.
	 Many researchers performed experimental and theo- 
retical investigations on matrix cracking in fiber-rein-
forced CMCs. The energy balance approach can be used 
to determine the steady-state matrix cracking stress, 
including the ACK model [11], AK model [12], BHE 
model [13], Kuo-Chou model [14], Sutcu-Hilling model 
[15], Chiang model [16], and Li model [17]; and the 
stress intensity factor method is adopted to determine the 
short matrix cracking stress, including the MCE model 
[18], MC model [19], McCartney model [20], Chiang-
Wang-Chou model [21], Danchaivijit-Shetty model [22] 
and Thouless-Evans model [23]. Kim and Pagano [24], 
Dutton et al. [25] investigated the first matrix cracking 
in CMCs using the acoustic emission (AE), optical 
microscope and scanning electronic microscope (SEM). 
It was found that the experimental first matrix cracking 
stress is much lower than the theoretical results predicted 
by ACK model [11]. The micro matrix cracking appears 
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first in the matrix rich region, and with increasing applied 
stress, these micro matrix cracks propagate and stops at 
the fiber/matrix interface. In fact, these micro matrix 
cracks do not affect the macro strain and stiffness of 
CMCs [26], however, at higher applied stress, these micro 
matrix cracks evolve first into the short matrix cracking 
defined by MCE model [18], and then the steady-state 
matrix cracking defined by ACK model [11]. The steady-
state matrix cracking model can be used to predict the 
PLS. However, in the studies mentioned above, the 
temperature-dependent proportional limit stress of fiber-
reinforced CMCs has not been investigated.
	 In this paper, the temperature-dependent propor-
tional limit stress of C/SiC composite is investigated 
using the energy balance approach. The temperature-
dependent micromechanical parameters of fiber and 
matrix modulus, fiber/matrix interface shear stress and 
interface debonded energy, and matrix fracture energy 
are incorporated into the analysis of the micro stress 
analysis, fiber/matrix interface debonding criterion and 
energy balance approach. The relationships between the 
proportional limit stress, fiber/matrix interface debon-
ding and temperature are established. The effects of 
fiber volume fraction, fiber/matrix interface shear stress, 
interface frictional coefficient, interface debonded ener-
gy and matrix fracture energy on the proportional limit 
stress and fiber/matrix interface debonding length versus 
temperature curves are discussed. The experimental pro- 
portional limit stress and fiber/matrix interface debon-
ding length of 2D C/SiC composite at elevated tem-
peratures of 973 K and 1273 K are predicted.

THEORETICAL

	 The energy balance relationship to evaluate the 
proportional limit stress of CMCs can be described using 
the following equation. [13]

(1)

where Vf and Vm denote the fiebr and matrix volume 
fraction, respectively; Ef (T ) and Em (T ) denote the tem-
perature-dependent fiber and matrix elastic modulus, 
respectively; σfu (T ) and σmu (T ) denote the fiber and 
matrix axial stress distribution in the matrix cracking 
upstream region, respectively; σfd (T ) and σmd (T ) denote 
the fiber and matrix axial stress distribution in the matrix 
cracking downstream region, respectively. γm (T ) and 
γd (T ) denote the temperature-dependent matrix fracture 
energy and interface debonded energy, respectively.

(2)

(3)

(4)

(5)

(6)

where [27]

(7)

	 Substituting the upstream and downstream tem-
perature-dependent fiber and matrix axial stresses of 
Equation 2, 3, 4 and 5, and the temperature-dependent 
fiber/matrix interface debonded length of Equation 6 
into Equation 1, the energy balance equation leads to the 
following equation.

ασ2 + βσ + δ = 0                               (8)
where

(9)

(10)

(11)

RESULTS AND DISCUSSION

	 The ceramic composite system of C/SiC is used for 
the case study and its material properties are given by: 
Vf = 30 %, rf = 3.5 μm, γm = 25 J·m-2 (at room temprature), 
γd = 0.1 J·m-2 (at room temperature).
	 The temperature-dependent carbon fiber elastic mo- 
dulus of Ef (T ) can be described using the following 
equation. [28]

(12)

r x T 
 

fu fd mu mdT T T T dx +− + −   σ σ σ σ    
f mE T E T  

m m d= +

d fl T rR G T r
l T R

∫ ∫

V l T
V T Tγ γ

( )

( )

( )

d

2 2f m

f i
2

m

f d

f

1
2

,1 2
2

4

V V

�rdrdx =

r

τ
π

∞

−∞

−

  

+
 

∫

( )
( )

( )

( )
( )

( )
( ) ( )

( )

( )

σfu (T ) =             σ
Ef (T )
Ec (T )

σmu (T ) =             σ
Em (T )
Ec (T )

, ,x l T
E T l T 

 

x x l T  − ∈

( )
( )

i
d

f f
fd

f c
d

c

2
, 0,

,

2

T
V r

x T

E T

τσ

σ
σ



= 
 ∈  

( )

( )
( )

( )
( )

 

x x l T  

, ,x l T E T
m cE T l T

2 , 0,if
d

m f
md

d
c

( , )

2

TV
V r

x T

τ

σ
σ


∈

= 
 ∈  

( )

( )
( )

( )

( )
( )

σ γf m m f m f drV E T rV E T T
= −

τ τf c i c iV E T T E T T
l Td 22

( )
( ) ( )

( ) ( ) ( )
( ) ( )

τi (T ) = τ0 + µ
|αrf (T ) – αrm (T )|(Tm – T )

A

α =
Vm Em (T ) ld (T )
Vf Ef (T ) Ec (T )

β =                       l d
2
   (T ) 

2τi (T ) ld (T )
rf Ef (T )

4
f 230 1 2.86 10 exp , 2273 K

324
TE T T−  = − × <    

( )

d m ml T V T
f m f m fr V E T E T r
T V E T V Ti f c f d

 
τ γ

δ γ
 

= − −
2

3 44
3  

( ) ( )
( ) ( )

( )
( )

( )



Longbiao L.

332	 Ceramics – Silikáty  63 (3) 330-337 (2019)

	 The temperature-dependent SiC matrix elastic mo-
dulus of Em (T ) can be described using the following 
equation. [29]

(13)

	 The temperature-dependent carbon fiber axial and 
radial thermal expansion coefficient of αlf (T ) and αrf (T ) 
can be described using the following equations. [30]
	 αlf (T ) = 2.529 × 10-2 – 1.569 × 10-4 T +
	 + 2.228 × 10-7 T 2 – 1.877 × 10-14 T 4,                         (14)
	 T ∈ [300K 2500K]
	 αrf (T ) = –1.86 × 10-1 + 5.85 × 10-4 T –
	 – 1.36 × 10-8 T 2 + 1.06 × 10-22 T 3,                              (15)
	 T ∈ [300K 2500K]

	 The temperature-dependent SiC matrix axial and 
radial thermal expansion coefficient of αlm (T ) and αrm (T ) 
can be described using the following equations. [29]

(16)

	 The temperature-dependent fiber/matrix interface 
debonded energy of γd (T ) and the matrix fracture energy 
of γm (T ) can be described using the following equa-
tions. [31]

(17)

(18)

where To denotes the reference temperature; Tm denotes 
the fabricated temperature; γdo and γmo denote the inter-
face debonded energy and matrix fracture energy at the 
reference temperature of To; and CP(T) can be described 
using the following equation.

	 Cp (T ) = 76.337 + 109.039 × 10-3 T –
	 – 6.535 × 105 T -2 – 27.083 × 10-6 T 2                       (19)

	 The effects of fiber volume fraction, interface shear 
stress, interface frictional coefficient, interface debonded 
energy and matrix fracture energy on the temperature-
dependent proportional limit stress and interface 
debonded length are discussed.

Effect of fiber volume fraction
on proportional limit stress and
fiber/matrix interface debonding

	 The proportional limit stress (σPLS) and the fiber/
matrix interface debonded length (ld/rf) versus the tem-
perature curves for different fiber volume fraction (i.e., 
Vf = 30 % and 35 %) are shown in Figure 1.

	 When the fiber volume fraction is Vf  = 30 %, the 
proportional limit stress increases from σPLS = 48 MPa at 
T = 973 K to σPL = 103 MPa at T = 1273 K; and the fiber/
matrix interface debonded length increases from ld/rf =  
= 0.68 to ld/rf = 4.5.
	 When the fiber volume fraction is Vf  = 35 %, the 
proportional limit stress increases from σPLS = 47 MPa at 
T = 973 K to σPLS = 113 MPa at T = 1273 K; and the fiber/
matrix interface debonded length increases from ld/rf = 
= 0.08 to ld/rf = 3.9.
	 Effect of fiber/matrix interface shear stress on pro- 
portional limit stress and fiber/matrix interface debonding
	 The proportional limit stress (σPLS) and the fiber/
matrix interface debonded length (ld/rf) versus the tem-
perature curves for different fiber/matrix interface shear 
stress (i.e., τ0 = 30 and 40 MPa) are shown in Figure 2.
	 When the fiber/matrix interface shear stress is τ0 = 
= 30 MPa, the proportional limit stress increases from 
σPLS = 65 MPa at T = 973 K to σPLS = 115 MPa at T = 
= 1273 K; and the fiber/matrix interface debonded length 
increases from ld/rf = 1.4 to ld/rf = 4.2.
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Figure 1.  The effect of fiber volume fraction (i.e., Vf = 30 % 
and 35 %) on: a) the proportional limit stress versus temperature 
curves; b) the interface debonding length (ld/rf) versus tempe-
rature curves of C/SiC composite.
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	 When the fiber/matrix interface shear stress is τ0 = 
= 40 MPa, the proportional limit stress increases from 
σPLS = 93 MPa at T = 973 K to σPLS = 134 MPa at T = 
= 1273 K; and the fiber/matrix interface debonded length 
increases from ld/rf = 2.1 to ld/rf = 3.7.

Effect of fiber/matrix interface frictional 
coefficient on proportional limit stress
and fiber/matrix interface debonding

	 The proportional limit stress (σPLS) and the fiber/
matrix interface debonded length (ld/rf) versus the tem- 
perature curves for different interface frictional coeffi-
cient (i.e., μ = 0.03 and 0.05) are shown in Figure 3.
	 When the fiber/matrix interface frictional coefficient 
is μ = 0.03, the proportional limit stress increases from 
σPLS = 84 MPa at T = 973 K to σPLS = 131 MPa at T = 
1273 K; and the fiber/matrix interface debonded length 
increases from ld/rf = 1.9 to ld/rf = 3.8.

	 When the fiber/matrix interface frictional coefficient 
is μ = 0.05, the proportional limit stress increases from 
σPLS = 65 MPa at T = 973 K to σPLS = 127 MPa at T = 
= 1273 K; and the interface debonded length increases 
from ld/rf = 1.5 to ld/rf = 3.9.

Effect of fiber/matrix interface debonded 
energy on proportional limit stress and 

fiber/matrix interface debonding

	 The proportional limit stress (σPLS) and the fiber/
matrix interface debonded length (ld/rf) versus the tem- 
perature curves for different fiber/matrix interface de-
bonded energy (i.e., γd = 0.3 and 0.5 J·m-2) are shown in 
Figure 4.
	 When the fiber/matrix interface debonded energy is 
γd = 0.3 J·m-2, the proportional limit stress increases from 
σPLS = 102 MPa at T = 973 K to σPLS = 139 MPa at T = 
= 1273 K; and the fiber/matrix interface debonded length 
increases from ld/rf = 1.3 to ld/rf = 3.3.

P
ro

po
rti

on
al

 li
m

it 
st

re
ss

 (M
P

a)

60

70

80

90

110

120

130

140

150

100

50

τ0 = 30 MPa
τ0 = 40 MPa

900 1000 1100 1200 1300
Temperature (K)

P
ro

po
rti

on
al

 li
m

it 
st

re
ss

 (M
P

a)

70

80

90

100

120

130

140

110

60

µ = 0.03
µ = 0.05

900 1000 1100 1200 1300
Temperature (K)

l d 
/ r

f

1.5

2.0

2.5

4.0

4.5

3.0

3.5

1.0
900 1000 1100 1200 1300

Temperature (K)

τ0 = 30 MPa
τ0 = 40 MPa

l d 
/ r

f

1

2

3

4

5

900 1000 1100 1200 1300
Temperature (K)

µ = 0.03
µ = 0.05

a)

a)

b)

b)

Figure 2.  The effect of fiber volume fraction (i.e., τ0 = 30 and 
40 MPa) on: a) the proportional limit stress versus temperature 
curves; b) the interface debonding length (ld/rf) versus tempera-
ture curves of C/SiC composite.

Figure 3.  The effect of interface frictional coefficient (i.e., μ = 
= 0.03 and 0.05) on: a) the proportional limit stress versus tem-
perature curves; b) the interface debonding length (ld/rf) versus 
temperature curves of C/SiC composite.



Longbiao L.

334	 Ceramics – Silikáty  63 (3) 330-337 (2019)

	 When the fiber/matrix interface debonded energy is 
γd = 0.5 J·m-2, the proportional limit stress increases from 
σPLS = 110 MPa at T = 973 K to σPLS = 143 MPa at T =  
= 1273 K; and the fiber/matrix interface debonded length 
increases from ld/rf = 0.9 to ld/rf = 3.0.

Effect of matrix fracture energy
on proportional limit stress and
fiber/matrix interface debonding

	 The proportional limit stress (σPLS) and the fiber/
matrix interface debonded length (ld/rf) versus the tem-
perature curves for different matrix fracture energy (i.e., 
γm = 20 and 30 J·m-2) are shown in Figure 5.
	 When the matrix fracture energy is γm = 20 J·m-2, the 
proportional limit stress increases from σPLS = 49 MPa at 
T = 973 K to σPLS = 102 MPa at T = 1273 K; and the fiber/
matrix interface debonded length increases from ld/rf = 
= 0.59 to ld/rf = 3.6.

	 When the matrix fracture energy is γm = 30 J·m-2, the 
proportional limit stress increases from σPLS = 79 MPa at 
T = 973 K to σPLS = 126 MPa at T = 1273 K; and the fiber/
matrix interface debonded length increases from ld/rf = 
= 2.2 to ld/rf = 4.7.

EXPERIMENTAL

	 Yang et al. [32] investigated the tensile behavior 
of 2D T300-C/SiC composite at elevated temperature. 
The C/SiC composite was fabricated using the chemical 
vapor infiltration (CVI) method with the pyrolytic 
carbon interphase of 1.5 ~ 2.0  μm. The fiber volume 
fraction is 40  %. The tensile tests were performed 
under the displacement control and the loading speed 
was 0.3  mm·min-1. The tensile stress-strain curves of 
2D C/SiC composite at elevated temperatures of T = 
= 973 K and 1273 K are shown in Figure 6. The tensile 
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Figure 4.  The effect of interface debonded energy (i.e., γd = 0.3 
and 0.5 J·m-2) on: a) the proportional limit stress versus tem-
perature curves; b) the interface debonding length (ld/rf) versus 
temperature curves of C/SiC composite.

Figure 5.  The effect of interface debonded energy (i.e., γm = 
= 20 and 30 J·m-2) on: a) the proportional limit stress versus 
tem-perature curves; b) the interface debonding length (ld/rf) 
versus temperature curves of C/SiC composite.
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stress-strain response of 2D C/SiC composite exhibits 
obviously non-linearly. At an elevated temperature of 
T = 973  K, the composite proportional limit stress is 
about σPLS = 50 MPa, and the composite tensile strength 
is σUTS = 232 MPa with the failure strain of εf = 0.25 %; 
at elevated temperature of T = 1273  K, the composite 
proportional limit stress is about σPLS  = 80  MPa, and 
the composite tensile strength is σUTS  = 271  MPa with 
the failure strain of εf  = 0.33  %. The experimental 
and theoretical predicted proportional limit stress and 
the fiber/matrix interface debonded length versus the 
temperature curves are shown in Figure 7. With increa-
sing of the temperature, the proportional limit stress of 
2D C/SiC composite increases from σPLS  = 48  MPa at 
T = 973 K to σPLS = 82 MPa at T = 1273 K; and the fiber/
matrix interface debonded length increases from ld/rf = 
2.7 to ld/rf = 6.3.

CONCLUSIONS

	 In this paper, the temperature-dependent propor-
tional limit stress of C/SiC composite has been inves-
tigated using the energy balance approach. The rela-
tionships between the proportional limit stress, fiber/
matrix interface debonding and temperature have 
been established. The effects of fiber volume fraction, 
fiber/matrix interface shear stress, interface frictional 
coefficient, interface debonded energy and matrix fracture 
energy on the proportional limit stress and fiber/matrix 
interface debonding length versus temperature curves 
have been discussed. The experimental proportional 
limit stress and interface debonding length of 2D C/SiC 
composite at elevated temperatures of 973 K and 1273 K 
have been predicted.
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Figure 6.  The tensile stress-strain curves of 2D C/SiC composite at: a) T = 973 K; and b) T = 1273 K.

Figure 7.  The experimental and theoretical proportional limit stress versus temperature curves (a); and the interface debonded 
length (ld/rf) versus temperature curves of 2D C/SiC composite (b).
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●	With increasing temperature, the proportional limit 
stress of C/SiC composite increases due to the in-
creasing of the fiber/matrix interface shear stress and 
decreasing of thermal residual stress.

●	With increasing fiber volume fraction, interface shear 
stress, interface debonded energy and matrix fracture 
energy, the temperature-dependent proportional limit 
stress of C/SiC composite increases.
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